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Chapter 1

Linear spaces

Functional analysis can best be characterized as infinite dimensional linear
algebra. We will use some real analysis, complex analysis, and algebra, but
functional analysis is not really an extension of any one of these.

1.1 Definitions

We start with a field F', which for us will always be the reals or the complex
numbers. Elements of F' will be called scalars.

A linear space is a set X together with two operations, addition (denoted
“r 4+ 1y”) mapping X x X into X and scalar multiplication (denoted “az”)
mapping F' x X into X, having the following properties.
()z+y=y+azforall z,y € X;
2)z+y+z) =(x+y)+zforall z,y, 2z € X;

(3) there is an element of X denoted 0 such that z +0 = 0+ x = z for all
r e X,

(4) for each € X there is an element —z in X such that z + (—x) = 0;

(5) a(bx) = (ab) X whenever a,b € F and z € F}

(6) a(z+y) = ar+ay and (a+b)xr = ax+bx whenever z,y € X and a,b € F
(7) 1o = x for all x € X where 1 is the identity for F.

A wvector space is the same thing as a linear space.

Under the operation of addition we see that (1)—(4) says that X is an

1
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Abelian group.
We use z — y for  + (—y).

By the same proofs as in the finite dimensional case, we have the following.

Lemma 1.1 (1) 0z =0 and
(2) (1) = —=x.

Proof. First write 0z = (0+0)z = 0z + 0z and subtract Oz from both sides
to get (1). Then write
0=0z=MNz+(-lz=x+(-1)x

and subtract x from both sides to get (2). o

We give a number of examples of linear spaces. We leave to the reader
the verification that these satisfy the definition of linear spaces.

Example 1.2 Let X = R" be the set of n-tuples of real numbers. This is a
linear space over the reals. We have

(1, Tn) + (Y1s e Un) = (X1 4+ Y1y T+ Yn)
and

a(xy, ..., x,) = (axq, ..., az,).

Example 1.3 Let X = C" be the set of n-tuples of complex numbers. This
is a linear space over the complex numbers. We define addition and scalar
multiplication as in Example 1.2.

Example 1.4 Let X be the collection of all infinite sequences (z1, xs, . . .) of
real numbers with addition being coordinate-wise and scalar multiplication
also being coordinate-wise, that is,

(1, 22,...) + (Y1, Y2, .. .) = (@1 + Y1, 22 + Yo, .. .)

and similarly for scalar multiplication.
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Example 1.5 Let S be a set and let X be the collection of real-valued
bounded functions on S. We define f + g by

(f +9)(s) = f(s) + g(s) (1.1)

for each s € S and af by

(af)(s) = af(s) (1.2)
for each s € S. A closely related example is to let X be the collection of
complex-valued bounded functions on S.

Example 1.6 Let S be a topological space (so that the notion of contin-
uous functions from S to R or to C makes sense) and let X = C(S5), the
collection of real-valued continuous functions on S. with addition and scalar
multiplication being defined by (1.1) and (1.2).

Example 1.7 Let X = C*(R), the set of k times continuously differentiable
functions on R, where addition and scalar multiplication being defined by
(1.1) and (1.2).

Example 1.8 Let p be a o-finite measure and let X = LP(X, u), the set
of functions f such that |f|? is integrable with respect to the measure p.
Addition and scalar multiplication are again given by (1.1) and (1.2).

Example 1.9 We can let X be the set of complex-valued functions that are
analytic on the unit disk.

Example 1.10 Let X be the set of finite signed measures on a measurable
space.

If X is a linear space and Y C X, then we say Y is a linear subspace of
XifayeY and x +y € Y whenever z,y € Y and a € F. This definition is
the obvious generalization of the one given in linear algebra courses.

Let Y be a subset of X, not necessarily a linear subspace. Consider the
collection
{Z, : Z, is a linear subspace of X, S C Z,}.

It is easy to check that N,Z, is a subspace of X, and it is called the linear
span of S.
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Proposition 1.11 The linear span of S is equal to

n

W = {Zaixi:ai e Fix;e S;n> 1}.

=1

Proof. W is clearly a linear subspace of X containing Y, therefore the span
of Y is contained in W. If Z, is any linear subspace containing Y, then Z,
must contain W, therefore N, 2, contains W. O

1.2 Normed linear spaces

A norm is a map from X — R, denoted ||z||, such that

(1) [|0]] = 0;

2) Jlzll > 0 if = £ 0

(3) llz + vl < |lz|l + ||ly|| whenever x,y € X; and

(4) ||azx| = |a| ||z|| whenever z € X and a € F.

A linear space together with its norm is called a normed linear space.

If we define d(z,y) = ||z — y||, then d is easily seen to be a metric, and we
can use all the terminology of topology. Here are a few terms we will need
right away. We define the open ball of radius r about = by

B(x,r)={ye X :|ly—z| <r}.

The topology generated by the metric d is the smallest collection of subsets
of X that contains all the open balls, has the property that the intersection
of two elements in the topology is again in the topology, and has the property
that the arbitrary union of elements of the topology is again in the topology.
We write x,, — z and say z,, converges to x if ||z, —z| — 0. A subset Y of X
is closed if y € Y whenever y, € Y forn =1,2... and y, — y. A sequence
{yn} of elements of X is a Cauchy sequence if given € > 0 there exists N
such that d(y,, ym) < € whenever n,m > N. A metric spaceX is complete if
every Cauchy sequence converges to a point in X. The space X is separable
if there exists a countable subset of X that is dense in X, that is, such that
the smallest closed set containing this countable subset is X itself.
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Two norms ||z||; and ||z||2 are equivalent if there exist constants ¢; and ¢y
such that

allols < ol < ollali,  weX.

Equivalent norms give rise to the same topology.
A subspace of a normed linear space is again a normed linear space.

For many purposes it is important to know whether a subspace is closed or
not, closed meaning that the subspace is closed in the topological sense given
above. Here is an example of a subspace that is not closed. Let X = ¢?, the
set of all sequences {z = (x1,%s,...)} with |lz] = (3272, J#;]*)"/? < oo. Let
Y be the collection of points in X such that all but finitely many coordinates
are zero. Clearly Y is a linear subspace. Let y; = (1,0,...), 2 = (1, %, 0,...),
ys = (1,4,1,0,...) and so on. Each y, € Y. But it is easy to see that
lyr —y| — 0 as k — oo, where y = (1,2, 1 1 )and y ¢ Y. Thus Y is not

111
197 49 87"
closed.

For another example, let X = C(R) and Y = C'(R), and define || f|| =
sup,¢g |f(7)|, the supremum norm. Clearly Y is a subspace of X, but we
can find a sequence of continuously differentiable functions converging in
the supremum norm to a function that is continuous but not everywhere
differentiable.

1.3 Examples

We give some examples of normed linear spaces. A Banach space is a normed
linear space that is complete.

Example 1.12 Let X be the collection of infinite sequences = = {ay, as, ...}
with each a; € C and sup; |a;| < co. Another name for such a space X is £*.
We define [|z[|o, = sup, |a;|. This is a normed linear space from a result in
real analysis, because we can identify ¢ with L>(N, i), where N is the set
of natural numbers and p is counting measure, that is, u(A) is equal to the
number of elements of A. In fact /> is a Banach space.

Example 1.13 If 1 < p < oo, 7 is the collection of infinite sequences
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x = (a1, ay, . ..) for which

1/p
lall, = (D" lasl?)
J

is finite. This is a complete normed linear space, hence a Banach space,
because we can identify ¢ with LP(N, ), where N and p are as in Example
1.12.

Example 1.14 If S is a set, the collection of bounded functions on S with
| flloo = supg |f(s)| is a complete normed linear space. This is a well known
result from undergraduate analysis. Most of the examples above are separable
metric spaces. However the collection of bounded functions on S is separable
if and only if S is countable - look at the collection {x,}, ¥ € Y, where
X{y} () equals 1 if y = x and 0 otherwise.

Example 1.15 If S is a topological space, then the collection of continuous
bounded functions with || f|| = sup, |f(s)| is also a Banach space.

Example 1.16 The LP spaces are complete normed linear spaces.

Example 1.17 (Sobolev spaces) First consider one dimension. For f €
C*(R) we can define

s = (L1004 [1rp e [ 1)

where f(*) is the k' derivative of f. The set of C* functions with compact
support is not complete under this norm. We will discuss this in detail later.

In higher dimensions, let £ be a domain in R™ and consider the C'*
functions on F with

[ 1D sras
E
finite for all |j| < k. Here j = (j1,...,Jn),

D’

=
oxl Ozl
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and |j| = j1 + -+ + jn. For a norm, we take

| flep = (Z / |DI f(z)|P dx)l/p‘

li1<k

This is not a complete space, but its completion is denoted W*P and is called
a Sobolev space.

Example 1.18 If X is the set of finite signed measures p on a measurable
space, setting ||| equal to the total variation of p makes this into a normed
linear space.

We will discuss Banach spaces in more detail in Chapter 3.

1.4 Direct sums

If Y and Z are subspaces of X, we write X =Y & Z if for each z € X, there
exist a unique y € Y and z € Z such that x = y+ 2. The decomposition must
be unique, i.e., there is only one y and one z that works for any particular
x. Of course, y and z depend on z. In this case we say that X is the direct
sum of Y and Z.

As an example, let X = R3 Y = {(2,0,0) : # € R}. There are lots of
possibilities for Z, in fact, any plane in R? that passes through the origin
and does not contain the x axis. Given any choice of Z, though, there is only
one way to write a given z as y + z.

We will frequently use Zorn’s lemma, which is equivalent to the axiom of
choice.

Suppose we have a partially ordered set S, which means that there is an
order relation such that
() a<aforallaces,
(2) if a <band b < a, then a = b, and
(3)if a <band b < ¢, then a < c.
A subset is totally ordered if for every pair x,y in the subset, either x < y or
y < x. An element u of a partially ordered set is an upper bound for a subset
of S if x < u for every x in the subset. An element = of a partially ordered
set is mazrimal if y > x implies y = z.
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Lemma 1.19 (Zorn’s lemma) Let X be a partially ordered set. If every
totally ordered subset of X has an upper bound in X, then X has a mazimal
element.

Note that it is not required that the upper bound for a totally ordered
subset be in the subset.

Lemma 1.20 Suppose Y is a subspace of a linear space X. Then there exists
a linear subspace Z such that X =Y & Z.

Proof. Look at {Z : Z a subspace of X, ZNY = {0}}. We partially order
this collection by inclusion: Z, < Zg if Z, C Zs. If {Z,} is a totally ordered
subcollection, then U, Z, is an upper bound in the collection. Let Z; be the
maximal element guaranteed by Zorn’s lemma.

Suppose there is a point x € X that is not in Y & Z;. We adjoin = to Z,
to form Z; as follows: Z; = {ax + 2z : z € Zy,a € R}. Z; is a subspace of X
that is strictly bigger than Zy. We argue that Z; NY = {0}, a contradiction
to the fact that Z; is maximal.

x is not in the direct sum of Y and Zy, so x ¢ Y, or else we could write
r=x4+0. fw+#0and w e Z;NY, then there exist a € R and z € Z; such
that w = ax + z. One possibility is that a = 0; but then w = z € ZyNY,
which isn’t possible since w is nonzero. The other possibility is that a # 0.
But w €Y, so

w —Z
t=—4+—cYZ,
a a

also a contradiction. |

If Z and U are normed linear spaces, we can make Z @ U into a normed
linear space by defining
|(z,u)] = 2] + Jul.

1.5 The unit ball in infinite dimensions

In finite dimensions, the closed unit ball is always compact, but this is not the
case in infinite dimensions. As an example, consider 2. If ¢; is the sequence
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which has a one in the ith place and 0 everywhere else, then |le; — e;]| = v/2
if ¢ # j. But then {e;} is a sequence contained in the unit ball that has no
convergent subsequence, hence the unit ball is not compact.

In fact, the closed unit ball B = {x : |x| < 1} is never compact in infinite
dimensions.

First we define what infinite dimensional means. Elements x4, zs, ..., x, of
X are said to be linearly dependent if there exist aq, ..., a, in F, not all equal
to 0, such that a;x1+---+a,z, = 0. If z1,...,x, are not linearly dependent,
they are linearly independent. A linear space X is finite dimensional if there
are finitely many nonzero elements whose linear span is all of X. If X is not
finite dimensional, it is infinite dimensional. We write dim X = n if there
exist n linearly independent nonzero elements of X whose linear span is equal
to X.

The key to proving that the unit ball in an infinite dimensional space is
not compact is the following proposition.

Proposition 1.21 Suppose Y is a finite dimensional subspace of X that is
not all of X. There exists v such that ||v|| =1 and inf,ey ||v — 2| > 1/2.

Proof. Since Y is finite dimensional, it is closed. It is not all of X, so there
exists z € X \ Y. Let d = inf ¢y ||y — z||. We claim that d > 0. If not, then
there exists a sequence y,, € Y such that ||y, — || — 0. This means that y,
converges to x. But Y is closed, so x € Y, a contradiction.

Choose w € Y such that ||z —w| < 2d. Let z =z —w so ||z]| < 2d. If
yeY, then y+w €Y and

Iz =yl = [l = (y + w)| = d.
If we let v = z/||z]|, then for all y € YV

z

o] = e = el 2 5 = 3

o -yl = |

since ||z]jly € Y. O

Theorem 1.22 Let X be an infinite dimensional normed linear space. Then
the closed unit ball is not compact.
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Proof. Choose y; such that ||y;|| = 1. Given y,...,y,—1, let Y, be the
linear span. Since Y, is finite dimensional, it is closed. By Proposition 1.21
there exists y, such that ||y,|| = 1 and inf ey, ||y — yn|| > 1/2. We continue
by induction and find a sequence {y,} contained in the closed unit ball such
that ||y; — yn|| > 1/2 if j < n, hence which has no convergent subsequence.

|



Chapter 2

Linear maps

2.1 Basic notions

Let X and Y be linear spaces over . A map M : X — U is linear or
is a linear map or is a linear operator if M(x +y) = M(x) + M(y) and
M(az) = aM(x) for all z,y € X and all a € F.

Here are some examples of linear operators.

(1) Let X = L*(p), g be bounded and measurable, and define

M= / F(2)g(x) p(dz).

Here M maps X into R.

(2) Let X be the space of bounded functions on a set S, fix points
1, ..., 2, €S, and let M f = (f(x1),..., f(z,)). Here M maps X to R™.

(3) Let X be R™, let Y be R" let a;; e Rfor 1 <i<mn,1<j<m,
and define the i¢th coordinate of Mz to be 2?21 a;jxj. This is just matrix
multiplication.

In fact all linear maps in finite dimensions can be viewed in this way. To
see this, let ey, ..., e, be linearly independent nonzero elements of X and
fi,--., fn linearly independent nonzero elements of Y. Since {fi,..., fn}
spans Y, there exist elements a;q, ..., a;, of F' such that Me; = Z?:l a;j f;
fori=1,...,m.

11
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(4) Let X be the set of bounded sequences, suppose that

oo
supz la;j| < oo,
(2 j:l

and define the ith coordinate of Mx to be 3 7, a;;x;.

(5) Let X be the set of bounded measurable functions on some measure
space with finite measure u, and suppose K (x,y) is jointly measurable and
bounded. Define M f by

Mf(z) = / K (. ) uldy).

If M and N are linear maps from X into Y and a is a scalar, we define

(M + N)(x) = M(z) + N(z), (aM)(z) = aM (x).

Thus the set of linear maps from X into Y is a linear space, and we denote
it by L(X,Y).

IM:X —Yand N:Y — Z, we define (NM)(z) = N(M(z)).

An exercise is to show this is associative but not necessarily commutative.
(Multiplication by matrices is an example to show commutativity need not
hold.) It is distributive:

M(N+ K)=MN + MK, (M + K)N=MN + KN.

We usually write Ma for M(x).

Define the identity I : X — X by Ix = z. We will also write [y when we
want to emphasize the space.

We say M : X — Y is invertible if there exists M ! : Y — X such that
MM =1y, MM~ = Iy.

If M is linear and invertible, then M ~! is also linear. To see this, suppose
y1 = Mz, and yo = Mz are elements of Y with z1, 25 € X. Then y; + 1y =
Mxy+ Mxy = M(z1+3). Hence M~ (y; +y2) = 21+ 20 = MYy + M1y,
Similarly M~(ay) = aM1y.
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Two linear spaces are said to be isomorphic if there exists a one-to-one
linear mapping from one space onto the other.

Given two linear spaces Y and Z, we can define a new space X = {(y, 2) :
y €Y,z € Z} and define (y1, 21) + (Y2, 22) = (y1 + 2, 21, 22) and define scalar
multiplication similarly. Clearly Y is isomorphic to Y’ = {(y,0) : y € Y}
and Z is isomorphic to Z' = {(0,z) : z € Z}. Moreover we see that X =
Y'® Z'. If Y and Z are normed linear spaces, then X is also if we define

1y, 2 = Nyl + 11=]]-

The null space or kernel of M is Ny = {x € X : Mx =0} and the range
of Mis Ryy = {Mz : 2 € X}.

Observe that Ny; C X and Ry, C Y.

Some easily checked facts: Ny, and R, are linear subspaces, and if L, M
are invertible, then (LM)™t = M~1L~1.

2.2 Boundedness and continuity

A linear map M from a normed linear space X into a normed linear space
Y is a bounded linear map if

[M]| = sup{||Mz]| : [lz]| = 1} (2.1)
is finite.
A linear map M from a normed linear space X to a Banach space Y is

continuous if z,, — = implies Mx,, — Mzx.

Proposition 2.1 M is continuous if and only if it is bounded.

Proof. If M is bounded,
1M (z) = M(z)|| = |M (2, — z)|| < cllen — 2| =0
for some ¢ < 0o, and so it is continuous.

Suppose M is continuous but not bounded. Then there exist x,, such that
[ M () || > nllzq . If
1 =z,

Yn = —(= )
i |
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then ||y, — 0| = ||yn|| — 0, but

Ll
1M (ya)l| > —=ni=— = V/n,
Vil
which does not tend to 0 = M (0), a contradiction. O

Define 1M
T

[M]| = sup ,
w20 ]l

or what is the same,

[M]| = sup [|Mzl].

llz]|=1

Proposition 2.2 Suppose M and N are linear maps from a normed linear
space X into a normedlinear space Y. Then ||aM|| = |a| || M|, || M]] > 0 and
equals 0 if and only if M =0, and ||M + N|| < | M| + ||N|.

The proofs are easy.

Proposition 2.3 N, is closed.

Proof. {0} is closed, M is a continuous function from one metric space into
another, so Nyy = M~({0}) is closed. O

Proposition 2.4 Suppose X,Y, and Z are normed linear spaces, M is a
linear map from X toY', and N is a linear map fromY to Z. Then ||NM| <
[N

Proof. For [|z]| =1,

INMzl| < [N [|M]| < [[NTIMI| ]
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2.3 Quotient spaces

Let X be a linear space and Y a subspace. We write z; = x5, and say
that x; is equivalent to x9 if 1 — 9 € Y. This is an equivalence relation.
Let T denote the equivalence class containing x. The collection of all such
equivalence classes is denoted X/Y and called the quotient space of X with
respect to Y,

Let’s make X /Y into a linear space. If 71,7, are in X/Y, define 71 + T
to be x1 + x9. To see that this is well defined, if z;, 25 are any two elements
of Ty, Ty, resp., then (x1 + xo) — (21 + 22) = (x1 — 21) + (22 — 22), the sum of
two elements of Y, hence an element of Y. Hence x1 + 9 = 21 + 2o, and it
doesn’t matter in the definition which elements of Z; and Zywe choose. We
similarly define az = @z. It is now routine to verify that X/Y is a linear
space.

We define the codimension of Y by

codim Y = dim X/Y.

Let’s look at an example. Let X = R® and suppose Y = {(z,y,0,0,0) :
x,y € R}. 21 = x5 if and only if the 3" through 5 coordinates of z; and
xo agree. Therefore X/Y is (essentially - at least it is isomorphic to) the
37 through 5" coordinates of points in R?, hence isomorphic to R3. We see
codim Y = dim X/Y = 3, while dimY = 2.

Proposition 2.5 If X =Y @ Z, then X/Y is isomorphic to Z.

Proof. If 7 € X/Y, then x € X and we can write z = z + y, where z € Z
and y € Y. Define Mz = 2. We will show that M is an isomorphism.

First we need to show M is well defined. If 2’ is another element of T, we
can write 2’ = 2/+y/ with 2/ € Zandy' € Y. Thenz—2' = (z—2')+(y—v).
Since we can also write z — 2’ = 0+ (z — ') and we can write each element of
X as a sum of elements of Z and Y in only one way, we must have z — 2’ = 0,
or z=2"

Next we show M is linear. If xy + 29 € z1 + 29, then 21 = 21 + ¥,
Ty = 23 + Yo, and then xy + xo = (21 + 22) + (y1 + y2). So M(zq + x2) =
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21 + 29 = MT; + MT5. The linearity with respect to scalar multiplication is
similar.

We show M is one-to-one. If MZ = M7, and we write © = z + v,
¥ =2+, then z = Mx = M7 = 2. Hence

r—a'=E-2)+Wy—y)=y—y ey,

SOT =17

Finally, M is onto, because if z € Z, then 2z =24+ 0€ X and Mz =z. O

Let M : X — Y. We will need the fact that

Proposition 2.6 X/N,, is isomorphic to Ry;.

Proof. If T € X/Ny;, we define Mz to be Mz for any x € T. If 2/ is any
other element of T, then x — 2’ € Ny, or M(x —2’) =0, or Mx = Mz'. So
the map M is well defined. It is routine to check that M is linear.

To show M is one-to-one, if Mz = My, then Mz = My, or M(x—y) =0,
or x —y € Ny, s0T =7. To show M is onto, if y € Ry, then y = Mz for
some x € X. Then Mz = Mx = y. O

2.4 Convex sets

A set K C X is conver if A\x+(1—\)y € K whenever z,y € K and X € [0, 1].

A convex combination of x4, ..., x,, is a sum of the form

n
E i,
=1

where Y " | a; = 1, n is a positive integer, and all the a; are non-negative.

If K is convex and z1,...,z, € K, each a; > 0, and )", a; = 1, then
Yo a;x; € K. This can be proved easily using induction on n.
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Lemma 2.7 Linear subspaces are convex. Intersections of convex sets are
convex. If M : X —Y is linear and K C X is convex, then {M(x) : x € K}
1S conver.

The proof is left as an exercise.

If S C X, the conver hull of S is the intersection of all the convex sets
containing S.

Proposition 2.8 The convezr hull of S s equal to the set of all convexr com-
binations of points of S.

Proof. Let H be the convex hull of S and C' the set of all convex combi-
nations of points of S. If y is in C, then y = )" | a;z; where each z; € S,
each a; > 0, and )", a; = 1. Therefore y is in each convex set containing
S, hencey € H. Thus C C H.

Suppose y = Yo, a;x;, where z; € S, each a; > 0, and Y ;a; = 1
and similarly z = Z;n:l by, If m < n, we can set by y1,...,b, = 0 and
Tmils- -+, T, any point in S, and can thus assume m > n. Similarly we may
without loss of generality assume n > m, hence m = n. If X € [0, 1], we have

2n
Ay+ (1 =Nz = chwk,
k=1

where ¢ = Aay, and wy, = xy if K <n and ¢ = (1 — N\)bg—p, and wy, = z},_,, if
k > n. Then each ¢; > 0 and

k=1

k=n+1

This proves that C' is convex, and since C' contains S we have H C C. O

If K is convex, and E¥ C K, then E is an extreme subset of K if
(1) E is convex and non-empty, and
(2)ifz € Eand x = y;rz with y,z € K, then y, z € E.

If F is a single point, then the point is called an extreme point of K.

For an example, consider the case where K is a polygon (plus the interior)
in R2. Each edge of K is an extreme subset. Each vertex is an extreme point.
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Proposition 2.9 If E is an extreme subset of F' and F' is an extreme subset
of G, then E is an extreme subset of G.

Proof. Suppose z € E and z = (y+2)/2 fory,z € G. Sincex € E C F and
F' is an extreme subset of G, then y, 2z € F'. But then since E is an extreme
subset of F', we must have y,z € F. O

2.5 Hahn-Banach theorem

A linear functional ¢ is a linear map from X to F. In this section we will
take F' to be the reals. In a later section we will consider the case when F' is
the complex numbers.

The Hahn-Banach theorem is a tool that lets us assert that there is a
plentiful supply of linear functionals.

We will be working with a sublinear functional p(x) in the statement of
the theorem. Suppose p: X — R is a sublinear functional if
(1) p(ax) = ap(x) whenever a > 0 and z € X and

(2) plz +y) < p(x) + ply) if 2,y € X.

One example is to let p(x) = c||z||, where ¢ > 0. This example requires X
to be a normed linear space.

Here is another example that applies to linear spaces, whether or not they
are normed linear spaces.

A point g € S C X is interior to S if for all y € X, there exists ¢
(depending on y) such that zo +ty € S if —e <t <e.

Let K be a convex set with 0 as an interior point. Define

pi(z) = inf {b >0: % e K}. (2.2)

px is sometimes called the gauge of K.

Proposition 2.10 pg is a sublinear functional.



2.5. HAHN-BANACH THEOREM 19

Proof. It is clear that px(ax) = apk(z) if @ > 0. Let z,y € X. If px(z) or
Pk (y) is infinite, there is nothing to prove. So suppose both are finite and
let ¢ > 0. Choose px(x) < a < pg(x) + ¢ and pr(y) < b < pr(y) +e. Then
Z and ¥ are in K. Letting A = a/(a +b), then by the convexity of K

z y T+y
A=+ (1 =A==
TN =T
is in K. So
pr(r+y) <a+b<pr(r)+px(y) + 2.
Since ¢ is arbitrary, we are done. |

Here is the Hahn-Banach theorem for real-valued linear functionals.

Theorem 2.11 Suppose p : X — R satisfies p(ax) = ap(x) if a > 0 and
plx +y) < plx) +ply) if v,y € X. Suppose Y is a linear subspace, { is
a linear functional on Y, and ((y) < p(y) for all y € Y. Then { can be
extended to a linear functional on X satisfying {(x) < p(zx) for all x € X.

Proof. If Y is not all of X, pick z € X \Y. Look at Y] = {y+az:y €
Y,a € R}. We want to define ¢(z) to be some real number with the property
that if we set

Uy +az) = (y) + al(2),

we would have £(y) + al(z) < p(y + az) for all y € Y and a € R. This would
give us an extension of ¢ from Y to Y.

For all y,y' € Y,

y') +Ly) =Ly +y)

<ply' +y)=ply +2)+ ' —2))
<ply+2)+p/

p(y' — 2).

S0

Uy') = ply = 2) < ply +2) = Ly).
This is true for all ¥, € Y. So choose ¢(z) to be a number between
sup, [{(y') — p(y' — 2)] and inf, [p(y + 2) — £(y)]. Therefore

Uy) —ply' = 2) < (z) <ply+2) = L),
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or
Uy) +0(z) <ply+2),  Uy)—LU=z) <ply —2).
If a >0,
Uy +az) = al(g +z) < ap(l + z) =ply + az).
Similarly ¢(y" — az) < p(y — az) if a > 0.

So we have extended ¢ from Y to Y7, a larger space. Let {(Ya, ¢s)} be the
collection of all extensions of (Y, ¢). We partially ordered this collection by
saying (Yo, o) < (Y3,03) if Y, C Y3 and {3 is an extension of ¢,. If {(Y3,05)}
is a totally ordered subset, define £ on UgY}; by setting ¢(z) = (3(z) if z € Y.
By Zorn’s lemma, there is a maximal extension. This maximal extension
must be all of X, or else by the above we could extend it. O

Corollary 2.12 Suppose that X is a normed linear space X, Y is a linear
subspace of X, and £ is a bounded linear functional on Y. Then £ can be
extended to a bounded linear functional on X with the same norm.

Proof. Let M be the norm of ¢ as a bounded linear map on Y and set
p(z) = M||z|| for x € X. Our assumption tells us that {(y) < p(y) fory € Y.
Take the extension guaranteed by Theorem 2.11, and then ¢(z) < M||z|| for
all z € X. Applying this also to —z, we have —{(z) = {(—z) < M||z||, hence
[6(z)] < M|z]] D

This corollary is the version of the Hahn-Banach theorem one learns in
real analysis courses.

2.6 Complex linear functionals

Now we turn to linear spaces (not necessarily normed) over the complex
numbers.

Theorem 2.13 Let X be a linear space over C. Suppose p > 0 satisfies
plax) = |a|p(x) for all z € X,a € C, and p(x +y) < p(x) + ply) for
all z,y € X. IfY is a subspace of X, { is a linear functional on Y, and
lU(y)| < ply) for ally € Y, then ¢ can be extended to a linear functional on
X with [£(z)| < p(x) for all z.
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For normed linear spaces an example would be p(x) = M]||z||.

Proof. Write ¢ as ((y) = ¢1(y) + il2(y), the real and imaginary parts of .
Since £ is linear,

il(y) = li(iy) + ila(iy).
On the other hand
il(y) = it (y) — La(y)
by substituting in for ¢(y) and multiplying by i. Equating the real parts,
Gi(iy) = —La(y)-
One can work this in reverse to see that if ¢; is a linear functional over

the reals, and we define ¢(x) = {1(x) — il (ix), we get a linear functional over
the complexes.

To extend ¢, we have

G(y) < (y)| < py).

Use Hahn-Banach to extend ¢; to all of X and set ¢(x) = ¢,(z) — ity (ix).

We need to show that |[/(x)| < p(x) for all x. Fix x and write ¢(x) = ar,
where r is real and |a| = 1. Then

U(x)| =r=a () =l(a " 2).
Since {(a'z) = |{(x)|, it is real with no imaginary part, and therefore equals

ti(a"z) < pla”'w) = |a” p(z) = p(=).

2.7 Positive linear functionals

Let S be an arbitrary set and let X be the collection of real-valued bounded
functions on S. We say o < y if z(s) < y(s) for all s € S. (We'll use x >y
if y < x.) A function z is non-negative if 0 < z. Let Y be a linear subspace
of X. ¢ 1is a positive linear functional on Y if ¢(y) > 0 whenever y > 0. Note
that if x <y, then 0 < l(y —x) = {(y) — £(x), so L(x) < L(y).
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One example is to take £(y) = y(so) for some point sy in S. Or we could
take a linear combination ) ¢;y(s;) provided all the ¢; > 0. Another example
is to take (S, i) to be a measure space and let £(y) = [ y(s) u(dz).

Proposition 2.14 Let Y be a linear subspace and suppose there exists yy €
Y such that yo(s) > 1 for all s. Let € be a positive linear functional on'Y .
Then € can be extended to a positive linear functional on X.

Proof. Define
p(x) =inf{l(y) 1y €Y,y >0,y > a}.
Since —cyp < = < cyp if x is bounded by ¢, we are not taking the infimum of

an empty set. Since z < cyp, then p(z) < cl(yy) < o0.

It is clear that p(az) = ap(z) if x € X and a > 0. To show that p is a
sublinear functional, suppose x1,z9 € X, let ¢ > 0, and choose vy, € Y
with 21 < i, 20 < 9o, 0 <y, 0 <y, £(yn) < p(a1) +¢, and £(ya) < p(x2) +e.
Then yy +y2 €Y, y1 +y2 > 0, y1 +y2 > 21 + 22, and so

Py + 22) < yr +y2) = L) + €(y2) < plar) + pla2) + 2.
Since ¢ is arbitrary, this proves sublinearity.
IfyeY,y >0,and ¢y > y is any other element in Y, then ¢(y) < ¢(y'),
so p(y) = £(y).

We now use Theorem 2.11 to extend ¢ to all of B. If z > 0, then —z < 0,
SO

since 0 € Y, and then ¢(z) = —{(—z) > 0. O

l(—x) < p(—z) <1(0)=0

The additional assumption here is that there is a function in Y that is
bounded below by a positive number. (If yo is bounded below by ¢ > 0, look

at yo/d.)

2.8 Separating hyperplanes

If ¢ is a real-valued linear functional on a linear space over the reals, then
{z : l(x) = c} is a hyperplane. This splits X into two parts, those x for which
¢(x) > c and those for which {(z) < c.
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Recall the definition of the gauge px of a convex set from (2.2).

Proposition 2.15 (1) If K is convez, 0 is interior to K, and x € K, then
pr(z) < 1. If K is convex and x is interior to K, then px(z) < 1.

(2) Let p be a positive sublinear functional. Then {z : p(x) < 1} is convex
and 0 is an interior point. Also {x : p(z) < 1} is convex.

We leave the proof to the reader. O

We now prove the hyperplane separation theorem.

Theorem 2.16 Suppose K is a nonempty convex subset of a linear space X
over the reals and all points of K are interior. If y ¢ K, then there exist {
and ¢ such that l(x) < c for all x € K and {(y) = c.

Proof. Without loss of generality, assume 0 € K. Note px(z) < 1 for all
x € K. Set (y) =1 and l(ay) = a. If a <0, {(ay) <0 < px(ay). If a > 0,
then since y ¢ K, pk(y) > 1, and so px(ay) > a = {(ay).

We let Y = {ay} and use Hahn-Banach to extend ¢ to all of X. We have
l(x) <pg(z) <lifzre K and l(y) = 1. We take ¢ = 1. O

Corollary 2.17 If K is convex with at least one interior point and y ¢ K,
there exists ¢ # 0 such that ((x) < l(y) for all z € K.

A+ B is defined to be {a +b:a € A,b € B}.
Corollary 2.18 Let H and M be disjoint convex sets, with at least one

having an interior point. Then there exist £ and ¢ such that

lu) < c <A{(v), u€ Hve M.

Proof. —M is convex, so K = H+(—M) is convex. K must have an interior
point. HNM =), s0 0 ¢ K. Let y = 0. There exists ¢ such that

l(x) <L0)=0 r e K.

Ifu,v € H, M, resp., then z = u—v € K, so l(z) <0, and hence ¢(u) < {(v).
O
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Chapter 3

Banach spaces

3.1 Preliminaries

A Banach space is a complete normed linear space.

If X and Y are metric spaces, a map ¢ : X — Y is an isometry if
dy (p(z), (y)) = dx(x,y) for all z,y € X, where dx is the metric for X and
dy the one for Y. A metric space X* is the completion of a metric space X
is there is an isometry ¢ of X into X* such that ¢(X) is dense in X* and
X* is complete.

Recall that any metric space can be embedded in a complete metric space.
See [1] for a proof of the following theorem.

Theorem 3.1 If X is a metric space, then it has a completion X*.
Of course, if X is already complete, its completion is X itself and ¢ is the
identity map.

We have already seen some examples of Banach space. We looked at

(1) €°°, the collection of infinite sequences {ai, as, ...} with each a; € C
and sup; |a;| < co. We define ||7|| = sup, |a;|.

(2) If 1 < p < o0, ¢P is the collection of infinite sequences for which
1/p
lell, = (D lasl?)
J

25
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is finite.

(3) If S is a set, the collection of bounded functions on S with || f|le =
sup, [ f(s)]

(4) If S is a topological space, then the collection of continuous bounded
functions with || f|| = sup, | f(s)].

(5) The L? spaces.
(6) We defined for f € C*(R

s = ([ 197+ / 7 [1091)7

where f(*) is the k' derivative of f. The set of C* functions with compact
support is not complete under this norm, but we can take its completion and
that will be a Banach space.

In higher dimensions, let D be a domain in R™ and consider the C'*
functions on D with
/ |0%f(x)|P dx

finite for all |a| < k. Here 0* = 8(”1 8 = and |a| = a3 + -+ + «,. For a
Ty

1= (3 / o f () dr)

la|<k

norm, we take

This is not a complete space, but its completion is denoted W*? and is called
a Sobolev space.

We wrote L(X,Y) for the set of linear maps from a Banach space X to a
Banach space Y.

Proposition 3.2 L is itself a Banach space.

Proof. Let M, be a Cauchy sequence. For each z € X, M,z is a Cauchy
sequence in Y. Since Y is complete, M, x converges, say to a point Nx. Let
e > 0. Note

|Nz — M,z| < limsup |M,x — M, x|,

m—0o0
which will be less than ¢ if n is large enough, independently of x. Thus M,
converges to N uniformly. Showing that /N is a linear map is easy. |
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3.2 Baire’s theorem

We turn now to the Baire category theorem and some of its consequences.
Recall that if A is a set, we use A for the closure of A and A? for the interior
of A. A set A is dense in X if A= X and A is nowhere dense if (A)° = 0.

The Baire category theorem is the following. Completeness of the metric
space is crucial to the proof.

Theorem 3.3 Let X be a complete metric space.
(1) If G,, are open sets dense in X, then N, Gy, is dense in X.
(2) X cannot be written as the countable union of nowhere dense sets.

Proof. We first show that (1) implies (2). Suppose we can write X as a
countable union of nowhere dense sets, that is, X = U, E,, where (E_n)o = 0.
We let F, = E,, which is a closed set, and then F° =0 and X = U,F,.
Let G, = F¢, which is open. Since F? = {), then G,, = X. Starting with
X = U, F, and taking complements, we see that () = N,,G,,, a contradiction
to (1).

We must prove (1). Suppose G1, G, ... are open and dense in X. Let H
be any non-empty open set in X. We need to show there exists a point in
HN(N,G,). We will construct a certain Cauchy sequence {x,,} and the limit
point, x, will be the point we seek.

Let B(z,r) = {y € X : d(z,y) < r}, where d is the metric. Since G is
dense in X, H N G, is non-empty and open, and we can find x; and r; such
that B(x1,71) C H NGy and 0 < r; < 1. Suppose we have chosen z,,_; and
rn—1 for some n > 2. Since G,, is dense, then G,, N B(x,,_1,7,-1) is open and
non-empty, so there exists x,, and r,, such that B(x,,r,) C G,NB(xp_1,7n_1)
and 0 < r, < 27". We continue and get a sequence z,, in X. If m,n > N,
then z,, and z,, both lie on B(zy,ry), and so d(zm,, z,) < 2ry < 27N
Therefore x,, is a Cauchy sequence, and since X is complete, z,, converges to
a point x € X.

It remains to show that x € H N (N,G,). Since z, lies in B(xy,ry) if
n > N, then z lies in each B(zy,7y), and hence in each Gy. Therefore
x € N,G,. Also,

x € B(xy,1mn) C B(xp_1,7-1) C -+- C B(xy,m1) C H.
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Thus we have found a point z in H N (N, Gy,). O

A set A C X is called meager or of the first category if it is the countable
union of nowhere dense sets; otherwise it is of the second category.

3.3 Uniform boundedness theorem

An important application of the Baire category theorem is the Banach-
Steinhaus theorem, also called the uniform boundedness theorem.

Theorem 3.4 Suppose X is a Banach space and Y is a normed linear space.
Let A be an index set and let {M, : o € A} be a collection of bounded linear
maps from X into Y. Then either there exists a positive real number N < oo
such that ||My|| < N for all « € A or else sup,, ||Myx|| = oo for some .

Proof. Let {(z) = sup,cq [|[Maz]]. Let G, = {z : {(x) > n}. We argue
that G, is open. The map = — ||M,z|| is a continuous function for each «
since M, is a bounded linear functional. This implies that for each «, the
set {x : || M,x| > n} is open. Since x € G,, if and only if for some o € A we
have ||[M,x|| > n, we conclude G,, is the union of open sets, hence is open.

Suppose there exists N such that Gy is not dense in X. Then there
exists xp and r such that B(zg,7) N Gy = (). This can be rephrased as
saying that if || — zo|] < r, then | M,(x)|| < N for all a € A. If [|y|| < r,
we have y = (9 + y) — zo. Then ||(zg + y) — zo|| = ||y|| < r, and hence
|Ma(zo + y)|| < N for all a. Also, of course, ||zg — zg|| = 0 < r, and thus
| Ma(z0)|| < N for all . We conclude that if ||y|| <7 and a € A,

[Mayll = [[Ma((z0 +y) — z0)l| < [[Ma(zo +y)l| + [[Mazol| < 2N.

Consequently, sup, || M,|| < N with N = 2N/r.

The other possibility, by the Baire category theorem, is that every G,, is
dense in X, and in this case N, G, is dense in X. But ¢(x) = oo for every
z € nN,G,. |
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3.4 Open mapping theorem

The following theorem is called the open mapping theorem. It is important
that M be onto. A mapping M : X — Y is open if M(U) is open in Y
whenever U is open in X. For a measurable set A, we let M(A) = {Mx :
r e A}

Theorem 3.5 Let X and Y be Banach spaces. A bounded linear map M
from X onto Y 1is open.

Proof. We need to show that if B(z,r) C X, then M(B(x,r)) contains a
ball in Y. We will show M (B(0,r)) contains a ball centered at 0 in Y. Then
using the linearity of M, M(B(z,r)) will contain a ball centered at Mz in
Y. By linearity, to show that M(B(0,7)) contains a ball centered at 0, it
suffices to show that M (B(0, 1)) contains a ball centered at 0 in Y.

Step 1. We show that there exists r such that B(0,727") C M (B(0,27")) for
each n. Since M is onto, Y = U, M (B(0,n)). The Baire category theorem
tells us that at least one of the sets M(B(0,n)) cannot be nowhere dense.
Since M is linear, M (B(0,1)) cannot be nowhere dense. Thus there exist

and r such that B(yo,4r) C M(B(0,1)).

Pick y; € M(B(0,1)) such that ||y; — yol| < 2r and let z; € B(0,1) be
such that y3 = Mz,. Then B(yy,2r) C B(yy,4r) C M(B(0,1)). Thus if
l|lyll < 2r, then y + vy, € B(yi,2r), and so

y=—Mz+ (y+w1) € M(—z + B(0,1)).

Since z; € B(0,1), then —z; + B(0,1) C B(0,2), hence

y € M(—2z + B(0,1)) ¢ M(B(0,2)).

By the linearity of M, if ||y|| < r, then y € M (B(0,1)). It follows by linearity
that if ||y|| < 727", then y € M(B(0,27™)). This can be rephrased as saying
that if [|y|| < r27™ and € > 0, then there exists x such that ||z| < 27" and
ly — Mz| <e.

Step 2. Suppose ||y|| < r/2. We will construct a sequence {z,} by induction

such that y = M(3 72, z;). By Step 1 with e = 7/4, we can find z; €
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B(0,1/2) such that ||y — Mx|| < r/4. Suppose we have chosen z1, ..., 2,1
such that ,

j=1

Let ¢ = 72~("*) By Step 1, we can find x,, such that ||z,| < 27" and

n n—1
Hy—Zij :H(y—Zij>—Mxn
j=1 j=1

We continue by induction to construct the sequence {z;}. Let w, = > 7,
Since ||z;]] < 277, then w, is a Cauchy sequence. Since X is complete,
w, converges, say, to x. But then |[z| < >7°2 277 = 1, and since M is
continuous, y = Mx. That is, if y € B(0,7/2), then y € M (B(0,1)). O

<r2 ",

< r—(nt1),

Corollary 3.6 M maps open sets onto open sets.

Corollary 3.7 If M is one-to-one, onto, and bounded, then M~ is bounded.

Proof. By the open mapping theorem, there exists d such that B(0,d) C
M(B(),1)). If u € U with |u| = d/2, there exists = with |z| < 1 and
Mz = u. By homogeneity, if u € By(0,1), there exists x € X with Mz = u
and |z| < 2|u|/d. So x = M~'u and

1M~ ]| = [l < 2[ull/d,

so |[M~1 < 2/d. O

3.5 Closed graph theorem

A map M : X — U is closed if whenever z, — = and M X, — u, then
Mz = u. This is equivalent to the graph {x, Mx} being a closed set.

If M is continuous, it is closed. If D is the differentiation operator on the
set of differentiable functions on [0, 1], then D is closed, but not continuous.
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Theorem 3.8 (Closed graph theorem) If X and U are Banach spaces and
M a closed linear map, then M is continuous.

Proof. Let G = {g = (x,Mx)} with norm |g|| = |z| + [|[Mz|. It is
easy to see that ||g|| is a norm, and we use the closedness of M to show
that G is complete: If g, = (z,, Mz,) is a Cauchy sequence in G, then
|lzn — zmll < |lgn — gm|| is @ Cauchy sequence, so x,, converges, say to .
Mz, — Mzp|| < |gn — gmll, so Mz, is a Cauchy sequence in U, and hence
converges, say to y. Since G is closed, then y = Mx. Therefore g, converges
to (z, Mx).

Define P : G — X by P(x, Mx) = z, so that P is a projection onto the
first coordinate.

|IPg|| = ||z|| < [|z]] + ||M=x| = ||g||, so P is bounded with norm less than
or equal to 1. P is linear and one-to-one, and onto, so P! is bounded, i.e.,
there exists ¢ such that c||Pg|| > |lg||. So (¢ — 1)||z|| > ||Mx]||, which proves
M is bounded. |

Corollary 3.9 Suppose X has two norms such that if ||z, — x|y — 0 and
|zn — yll — 0, then © = y. Suppose X is complete with respect to both
norms. Then the norms are equivalent.

Proof. Let X; = (X,| - 1) and similarly X5. Let I : X; — X,. The
hypothesis is equivalent to I being closed. Therefore I and I~! are bounded.
O
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Chapter 4

Hilbert spaces

Hilbert spaces are complete normed linear spaces that have an inner product.
This added structure allows one to talk about orthonormal sets. We will
give the definitions and basic properties. As an application we briefly discuss
Fourier series.

4.1 Inner products

Recall that if a is a complex number, then @ represents the complex conjugate.
When a is real, @ is just a itself.

Definition 4.1 Let H be a vector space where the set of scalars I is either
the real numbers or the complex numbers. H is an inner product space if
there is a map (-,-) from H x H to F such that

(1) (y,x) = (z,y) for all x,y € H,;

(2) (z+y,z) = (x,2) + (y,2) for all z,y,z € H,;

(3) (ax,y) = oz, y), for x,y € H and o € F};

(4) (x,x) >0 for all z € H;

(5) (x,z) =0 if and only if 2 = 0.

We define ||z]| = (z,z)"?, so that (z,z) = ||z||?. From the definitions it
follows easily that (0,y) = 0 and (z, ay) = a(z,y).

33
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The following is the Cauchy-Schwarz inequality. The proof is the same
as the one usually taught in undergraduate linear algebra classes, except for
some complications due to the fact that we allow the set of scalars to be the
complex numbers.

Theorem 4.2 For all x,y € H, we have

[z y)| < llzlHyll-

Proof. Let A = ||z||?, B = [{z,y)|, and C = ||y||*>. If C = 0, then y = 0,
hence (x,y) = 0, and the inequality holds. If B = 0, the inequality is obvious.
Therefore we will suppose that C' > 0 and B # 0.

If (x,y) = Re”, let a = ¢ and then || = 1 and oy, z) = |(z,y)| = B.
Since B is real, we have that @(z,y) also equals |(x,y)|.

We have for real r
0 < || —royl
= (r —ray,r —ray)

= <ZL',$> - 7"Oé<y,l‘> - Ta<x7y> + T2<y7y>
= [[=]|* = 2r[{z, y)| + [yl

Therefore
A—2Br+Cr?>0

for all real numbers r. Since we are supposing that C' > 0, we may take
r = B/C, and we obtain B> < AC. Taking square roots of both sides gives
the inequality we wanted. |

From the Cauchy-Schwarz inequality we get the triangle inequality:
Proposition 4.3 For all x,y € H we have

[+ yll < =[] + [yl

Proof. We write

lz+yl*=(z+y,2+y) = (2,z)+ (z,y) + (y,2) + (¥, )
< lzl* + 2l yll + lvlI* = (=l + [ly])?,
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as desired. O

The triangle inequality implies
[ =2l < llz = yll + lly — =l
Therefore || - || is a norm on H, and so if we define the distance between x

and y by ||z — y||, we have a metric space.

Definition 4.4 A Hilbert space H is an inner product space that is complete
with respect to the metric d(z,y) = ||z — y||-

Example 4.5 Let u be a positive measure on a set X, let H = L?*(u), and
define

(r9)= [ radn

As is usual, we identify functions that are equal a.e. H is easily seen to be a
Hilbert space. The completeness is a result of real analysis.

If we let u be counting measure on the natural numbers, we get what is

known as the space £2. An element of £? is a sequence a = (ay,as, ...) such
that > |a,|* < oo and if b = (by, by, ...), then

(@) =3
n=1

We get another common Hilbert space, n-dimensional Euclidean space, by
letting p be counting measure on {1,2,...,n}.

Proposition 4.6 Let y € H be fized. Then the functions v — (x,y) and
x — ||z|| are continuous.

Proof. By the Cauchy-Schwarz inequality,

((z,y) — (@', )| = [( = 2", y)| < [l = 2| Iyl

which proves that the function x — (x,y) is continuous. By the triangle
inequality, [l2] < [l — o/ + '], or

] = 12|l < llz = 2]l
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The same holds with z and 2’ reversed, so
[zl = (12"l < flz = 2],

and thus the function z — ||z|| is continuous. O

4.2 Subspaces

Definition 4.7 A subset M of a vector space is a subspace if M is itself
a vector space with respect to the same operations of addition and scalar
multiplication. A closed subspace is a subspace that is closed relative to the
metric given by (-, ).

For an example of a subspace that is not closed, consider ¢? and let M be
the collection of sequences for which all but finitely many elements are zero.

M is clearly a subspace. Let x,, = (1, ;,...,}1,0 0,...) and x = (L;,é,...).

Then each x,, € M, x ¢ M, and we conclude M is not closed because

o0

1
”In —-IHQZZ E ) — 0
J

Jj=n+1
as n — oQ.

Since ||z +y||* = (x + y, x + y) and similarly for ||z — y|?, ||=]|?, and |Jy]|?,
a simple calculation yields the parallelogram law:

Iz + yll* + [z — ylI* = 2[l=]* + 2[ly]1*. (4.1)

A set E C H is convez if Az + (1 — A\x) € E whenever 0 < A < 1 and
r,y € .

Proposition 4.8 Fach non-empty closed convexr subset E of H has a unique
element of smallest norm.

Proof. Let § =inf{||z| : € E'}. Dividing (4.1) by 4, if x,y € E, then

r+y
e — gl = Hlel? + Sl — | 222
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Since E is convex, if z,y € E, then (x +y)/2 € E, and we have

lz = ylI* < 2ll2]|* + 2[ly||* — 40”. (4.2)

Choose y, € E such that ||y,|| — 6. Applying (4.2) with = replaced by y,,
and y replaced by v,,, we see that

19 = Ymll* < 2/|ynll® + 2/|yml> — 462,

and the right hand side tends to 0 as m and n tend to infinity. Hence y, is a
Cauchy sequence, and since H is complete, it converges to some y € H. Since
Yo € E and F is closed, y € E. Since the norm is a continuous function,

[yl = lim [Jy, || = 0.

If 3/ is another point with ||3/|| = 0, then by (4.2) with x replaced by 7/
we have ||y — /|| = 0, and hence y = y/. O

We say x Ly, or z is orthogonal to vy, if (z,y) = 0. Let 2, read “z perp,”
be the set of all y in X that are orthogonal to z. If M is a subspace, let M=+
be the set of all y that are orthogonal to all points in M. The subspace M+
is called the orthogonal complement of M. It is clear from the linearity of the
inner product that 2+ is a subspace of H. The subspace = is closed because
it is the same as the set f~1({0}), where f(z) = (z,y), which is continuous.
Also, it is easy to see that M= is a subspace, and since

ML = ﬁxGMILa
M+ is closed. We make the observation that if z € M N M=, then
2
HZH = <sz> =0,

so z = 0.

Lemma 4.9 Let M be a closed subspace of H with M # H. Then M~
contains a non-zero element.

Proof. Choose x € H with x ¢ M. Let E = {w—x : w € M}. It is routine
to check that E is a closed and convex subset of H. By Lemma 4.8, there
exists an element y € F of smallest norm.
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Note y +x € M and we conclude y # 0 because x ¢ M.

We show y € Mt by showing that if w € M, then (w,y) = 0. This is
obvious if w = 0, so assume w # 0. We know y + x € M, so for any real
number ¢ we have tw + (y + ) € M, and therefore tw +y € E. Since y is
the element of E of smallest norm,

(w.u) = llyl* < tw+y|?
= (tw + y, tw + y)
= t*(w,w) + 2tRe (w,y) + (y,y),

which implies
t*(w, w) + 2tRe (w,y) >0
for each real number ¢. Choosing ¢t = —Re (w, y)/{w, w), we obtain

_[Re(w,y)?

wowy =0

— Y

from which we conclude Re (w,y) = 0.

Since w € M, then iw € M, and if we repeat the argument with w
replaced by iw, then we get Re (iw,y) = 0, and so

Im (w,y) = —Re (i{w, y)) = —Re (iw, y) = 0.

Therefore (w,y) = 0 as desired. O

If in the proof above we set Px =y + z and QQxz = —y, then Px € M and
Qz € M+, and we can write z = Pr+Qz. We call Pz and Qx the orthogonal
projections of  onto M and M*, resp. If we write = w+ 2z = w' + 2/, with
w,w' € M and 2,2 € M+, then w —w' = 2’ — z is in M and M*, hence 0.
Therefore each element of H can be written as the sum of an element of M
and an element of M~ in exactly one way.

Proposition 4.10 P and QQ are linear operators.

Proof. Since
r+y=(Pr+Qx)+ (Py+ Qy)
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and also r +y = P(z +vy) + Q(x + y), we have

Pr+ Py—Pz+y) =Q(xr+y) — Qr— Q.

The left hand side is in M, the right hand side in M+, so Px+ Py = P(x+y)
and similarly for Q). To show P(kx) = kPx and Q(kx) = kQx is similar, so
P and @ are linear. O

Proposition 4.11 Suppose M is a closed subspace of H. Then
1) M+ is a closed linear subspace of H.
2) H=M® M.
3) (M)t =M.

Proof. 1) (We don’t need M closed for this first part.) That M* is a linear
subspace is easy. We already showed M= is closed.

2) We proved this: write z = Pz + Q.

3) If y € M, then for any v € M+ we have (y,v) = 0, and hence y €
(M+)+. We thus need to show (M+)+ C M.

By 2), H=M® M*+. Ify e (M)t we can write y = v + 2 with
ze€Mc (MYt andv e ML, Thenv =y — 2z € (M*)L. Since v is also in
Mt weseev=0,ory=z¢€ M. O

4.3 Riesz representation theorem

The following is sometimes called the Riesz representation theorem, although
usually that name is reserved for the theorem of real analysis about linear
functionals on the set of continuous functions. To motivate the theorem,
consider the case where H is n-dimensional Euclidean space. Elements of R"
can be identified with n x 1 matrices and linear maps from R” to R™ can be
represented by multiplication on the left by a m x n matrix A. For bounded
linear functionals on H, m =1, so A is 1 x n, and the y of the next theorem
is the vector associated with the transpose of A.
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Theorem 4.12 If L is a bounded linear functional on H, then there exists
a unique y € H such that Lx = (z,y).

Proof. The uniqueness is easy. If Lz = (z,y) = (x,y), then (x,y —y') =0
for all x, and in particular, when z =y — ¢/

We now prove existence. If Lz = 0 for all z, we take y = 0. Otherwise, let
M = {z: Lx = 0}, take z # 0 in M+, and let y = az where o = Lz/(z, 2).
Notice y € M+,

L
Ly = o be = 1P /(2) = )
and y # 0.
If z € H and
Lz
=T -,
(v, y)

then Lw = 0, so w € M, and hence (w,y) = 0. Then

<ZL‘,y> = (m—w,y) =Lz

as desired. |

4.4 Lax-Milgram lemma

Theorem 4.13 (Laz-Milgram lemma) Let H be a Hilbert space and suppose
(1) for each y, B(x,y) is linear in x;

(2) for each x, B(x,y1 + y2) = B(x,1y1) + B(x,y2) and B(z,cy) = ¢B(x,y);
(3) there ezists ¢ such that |B(x,y| < cl|z] ||y,

(4) there exists b such that |B(y,y)| > b||y||* for all y.

(We do not assume B(z,y) = B(y,x).) Then every bounded linear func-
tional £ is of the form €(z) = B(z,y) for some unique y.

Proof. For each y, B(x,y) is a bounded linear functional of z, so there
exists z = z(y) such that B(z,y) = (z, z) for all z, and z is unique.
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If Z={z:2=2z2(y) for some y € H}, then Z is a linear space.
Z is closed: setting x =y, and letting z = 2(y),

bllyll* < By, y) = (y.2) < cllyll |-l

or
Ollyll < l=]-

If z, € Z and 2z, — z, let y,, be a point such that z, = z(y,). Then B(x,y,) =
(x,2,). So B(x, Yn — Ym) = (T, 2n — 2m), hence b||y, — yml| < |20 — 2m]|, and
therefore y, is a Cauchy sequence. H is complete; let y be the limit. Since
B(z,y,) — B(x,y) and (z, z,) — (x, 2), we have B(z,y) = (, ), and hence
z € Z.

Z = H: For each y, there exists z(y) such that B(z,y) = (z,z) for all
y. If Z # H, there exists + € Z+. Applying the above with y = z, there
exists z(z) such that B(z,z) = (x,2(x)). Since z € Z* and 2(z) € Z,
b|z||*> < B(z,z) = (x,2(z)) = 0. So z = 0.

Existence: given ¢, there exists y such that ¢(x) = (z,y) for all z. Then
l(x) = B(z,2(y)).

Uniqueness: if there are two such z, then B(x, z—2'") = B(x,z)—B(x,2') =
l(x) —€(z) =0. Now set z = z — 2. O

4.5 Orthonormal sets

A subset {uq }aca of H is orthonormal if |ju,|| = 1 for all a and (uq, ug) =0
whenever «, 5 € A and « # (.

The Gram-Schmidt procedure from linear algebra also works in infinitely
many dimensions. Suppose {z,}°; is a linearly independent sequence, i.e.,
no finite linear combination of the z, is 0. Let u; = x1/||z1|| and define
inductively

N-1

UN = TN — Z <$N,Ui>ui>

=1
uy = vn/||vn||-

We have (vy,u;) =01if i < N, 80 uy,...,uy are orthonormal.
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Proposition 4.14 If {uy}aca is an orthonormal set, then for each x € H,

> Nz, ua) < . (4.3)

a€cA

This is called Bessel’s inequality. This inequality implies that only finitely
many of the summands on the left hand side of (4.3) can be larger than 1/n
for each n, hence only countably many of the summands can be non-zero.

Proof. Let F be a finite subset of A. Let

y= Z (T, Ug ) Ug-

a€eF

Then
0 < |lz—yl* = [|=1> = (z,y) — (y,2) + [lyll*

Now

acF acF acF

Since this is real, then (z,y) = (y,x). Also

Iyl* = (w.9) = (D (@ e, Y @ ushus)

a€F BeF
= Z <x7ua><x7uﬂ><umuﬁ>
a,BEF
=z ua)l,
ack

where we used the fact that {u,} is an orthonormal set. Therefore

0< lly—al® =l = > [, ua) .

acF

Rearranging,

>l ua) < lelf?

aclF
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when F is a finite subset of A. If N is an integer larger than n||z||?, it is not
possible that |(z,us)[* > 1/n for more than N of the a.. Hence |{x,uq)|*> # 0

for only countably many «. Label those a’s as aq, as,.... Then
. 2 . 2 2
3 Mool = 32 ) = fimn 32 < el
which is what we wanted. |

Proposition 4.15 Suppose {uq}aca is orthonormal. Then the following are
equivalent.
(1) If (x,us) = 0 for each o € A, then x = 0.

(2) ||2]* = Y pea {x, ua)|” for all z.
(8) For each x € H, x =3 4 (%, Ua)Uq.

We make a few remarks. When (1) holds, we say the orthonormal set is
complete. (2) is called Parseval’s identity. In (3) the convergence is with
respect to the norm of H and implies that only countably many of the terms
on the right hand side are non-zero.

Proof. First we show (1) implies (3). Let z € H. By Bessel’s inequal-
ity, there can be at most countably many « such that |[{(x,u,)[* # 0. Let
a1, s, ... be an enumeration of those . By Bessel’s inequality, the series
> @, ua,)|? converges. Using that {u,} is an orthonormal set,

H im (T, Uq, ) Ua,

= D0, T (e )

as m,n — oo. Thus Z?Zl (T,Uq,)uq, is a Cauchy sequence, and hence
converges. Let z =} 77| (7, Uq,)Uq;- Then (2 — x,u,;) = 0 for each a;. By
(1), this implies z — z = 0.

We see that (3) implies (2) because

n n
loll® = 37 e, ) P = |2 = D Gt Y,
j=1




44 CHAPTER 4. HILBERT SPACES

That (2) implies (1) is clear. i

Example 4.16 Take H = (> = {z = (x1,29,...) : > |7]*> < oo} with
(x,y) = >, z7;. Then {e;} is a complete orthonormal system, where e; =
(0,0,...,0,1,0,...), i.e., the only non-zero coordinate of e; is the i** one.

If K is a subset of a Hilbert space H, the set of finite linear combinations
of elements of K is called the span of K.

A collection of elements {e,} is a basis for H if the set of finite linear
combinations of the e, is dense in H. A basis, then, is an orthonormal
subset of H such that the closure of its span is all of H.

Proposition 4.17 FEvery Hilbert space has an orthonormal basis.

This means that (3) in Proposition 4.15 holds.

Proof. If B = {u,} is orthonormal, but not a basis, let V' be the closure of
the linear span of B, that is, the closure with respect to the norm in H of
the set of finite linear combinations of elements of B. Choose = € V*, and
if we let B’ = BU{z/||z||}, then B’ is a basis that is strictly bigger than B.

It is easy to see that the union of an increasing sequence of orthonormal
sets is an orthonormal set, and so there is a maximal one by Zorn’s lemma.
By the preceding paragraph, this maximal orthonormal set must be a basis,
for otherwise we could find a larger basis. |

4.6 Fourier series

An interesting application of Hilbert space techniques is to Fourier series,
or equivalently, to trigonometric series. For our Hilbert space we take

H = L*([0,27)) and let
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for n an integer. (n can be negative.) Recall that

fg/f

and || fI* = [J7|f ()| da.

It is easy to see that {u,} is an orthonormal set:

2T 27
/ et p=ima o, / ez(n—m)x dr =0
0 0

if n # m and equals 27 if n = m.

Let F be the set of finite linear combinations of the wu,, i.e., the span of
{u,}. We want to show that F is a dense subset of L?([0,27)). The first
step is to show that the closure of F with respect to the supremum norm is
equal to the set of continuous functions f on [0,27) with f(0) = f(27). We
will accomplish this by using the Stone-Weierstrass theorem.

We identify the set of continuous functions on [0, 27) that take the same
value at 0 and 27 with the continuous functions on the circle. To do this, let
S ={e?:0 <0 < 27} be the unit circle in C. If f is continuous on [0, 27)

with f(0) = f(2n), define f : S — C by f(e¥) = f(6). Note Uy, (e) = e’

Let F be the set of finite linear combinations of the u,. S is ‘a compact
metric space. Since the complex conjugate of u, is u_,, then F is closed
under the operation of taking complex conjugates. Since u,, - Uy = Upim,
it follows that F is closed under the operation of multiplication. That it is
closed under scalar multiplication and addition is obvious. g is identically
equal to 1, so F vanishes at no point. If 61,60, € S and 0, # 05, then 6; — 0,
is not an integer multiple of 27, so

or uy(6y) # uy(62). Therefore F separates points. By the Stone-Weierstrass
theorem, the closure of F with respect to the supremum norm is equal to
the set of continuous complex-valued functions on S.

If f € L*([0,27)), then

/ ’f - fX[l/m,27rfl/m]’2 — 0
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by the dominated convergence theorem as m — oo. Recall that any function
in L?([1/m, 27 — 1/m]) can be approximated in L? by continuous functions
which have support in the interval [1/m, 27 — 1/m]. By what we showed
above, a continuous function with support in [1/m, 27 — 1/m] can be ap-
proximated uniformly on [0, 27) by elements of F. Finally, if g is continuous
on [0,27) and g,, — ¢ uniformly on [0, 27), then g,, — ¢ in L*([0,27)) by
the dominated convergence theorem. Putting all this together proves that F
is dense in L?([0,27)).

It remains to show the completeness of the u,. If f is orthogonal to each
Uy, then it is orthogonal to every finite linear combination, that is, to every
element of F. Since F is dense in L*([0,27)), we can find f, € F tending to
fin L2 Then

LA = [ P < I = o DL+ [ P

The second term on the right of the inequality sign is 0. The first term on the
right of the inequality sign is bounded by || f — f.|| || f || by the Cauchy-Schwarz
inequality, and this tends to 0 as n — oo. Therefore || f||* = 0, or f = 0,
hence the {u,} are complete. Therefore {u,} is a complete orthonormal
system.

Given f in L*([0,2m)), write

2m 2
1 )
o= {fow) = [ fide=—= [ fae e da,
0 V21 Jo
the Fourier coefficients of f. Parseval’s identity says that
AP =D leal.

For any f in L? we also have

Z Cnlly, — f

[n|<N

as N — oo in the sense that

I % e,

In|<N

—0
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as N — oc.
Using €* = cosnx + isin nx, we have
(o] o0 o
E cpe™ = Ag + g B, cosnx + E C, sinnzx,
n=-—oo n=1 n=1

where Ay = ¢y, B, = ¢, + ¢y, and C,, = i(¢, — c_,). Conversely, using
cosnx = (€M + e7"*) /2 and sinnz = (" — e~"%) /24,

(o) o0 (o)
A + E B, cosnx + E C,sinnx = E cpe™”
n=1 n=1

n=—oo

if we let ¢ = Ao, ¢, = B,/2+ C,/2i for n > 0 and ¢, = B,/2 — C,,/2i for
n < 0. Thus results involving the w,, can be transferred to results for series
of sines and cosines and vice versa.

If ¢, are the Fourier coefficients of f, then

S en=5n [ 10N () ds

where
N .
] ) —(2N+1)i0 __ 1
]i] (9 — 671110 — ezN9<e—>
N( ) n:ZN 6_10 _ 1
B e~ (N+1)if _ iNG
e~ — 1
e~ (N+3)i0 _ i(N+5)6

o—i6/2 _ i6/2
sin(N + )0
sinf/2

4.7 The Radon-Nikodym theorem

We can use Hilbert space techniques to give an alternate proof of the Radon-
Nikodym theorem.
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Suppose p and v are finite measures on a space S and we have the condition
v(A) < u(A) for all measurable A. For f € L*(p), define

)= [ rav

Our condition implies [hdv < [hdu if h > 0. We use this with h = |f],
use Cauchy-Schwarz, and obtain

ipi=| [ra] < [is1ar< [1s1dn

< (u(5>>1/2</f2 du>1/2 < cll fllezg-

There exists g such that ¢(f) = (f, g), which translates to

/fdvz/fgdu-

Letting f = xa, we get v(A) = [, gdp.
If v is absolutely continuous with respect to u, we let p = pu+ v and apply

the above to v and p and also to p and p. The absolute continuity implies
that du/dp > 0 a.e., and we use

dv  dv d_u

dp — dp/ dp’

4.8 The Dirichlet problem

Let D be a bounded domain in R", contained in B(0, K), say, where this
is the ball of radius K about 0. Let (f,g) be the usual L? scalar product
for real valued functions. It is easy to see that if C{°(D) is the set of C*
functions that vanish on the boundary of D, then the completion of C'*°(D)
with respect to the L? norm is simply L?(D). Define

g(fag):/D<Vf($),Vg(x))da:.

Clearly £ is bilinear and symmetric.
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If we start with

X1 af
flzy,.. x,) = _Ka—ml(y,xg,...,xn)dy

and apply Cauchy-Schwarz, we have

\f(zy,...,20))* < /1dy/ IV f(y, za, ..., 20)|* dy.

Integrating over (zs,...,z,) € [-K, K]"~! we obtain

[l <e [ 19iwpa,

(f,[) < c&(f, f)-

IfE(f, f) =0, then (f, f) =0, and so f =0 (a.e., of course). This proves
that £ is positive. We let H} be the completion of C§°(D) with respect to
the norm induced by £. The superscript 1 refers to the fact we are working
with first derivatives, the subscript 0 to the fact that our functions vanish on
the boundary. £ is an example of a Dirichlet form.

or in other words,

Recall the divergence theorem:

/ (F,n)da:/didex,
oD D

where D is a reasonably smooth domain, 9D is the boundary of D, n is the
outward pointing unit normal, and ¢ is surface measure. In three dimensions,
this is also known as Gauss’ theorem, and along with Green’s theorem and
Stokes’ theorem are consequences of the fundamental theorem of calculus.

If we apply the divergence theorem to F' = u Vv, then

iF _ Ou v +u6?2v
or, ' 0Oz, 0x, ox?’

and so
div F' = (Vu, Vv) + uAwv,
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where Awv is the Laplacian. Also,

0
(div F\n) = ua—;}l,

where g—z is the normal derivative of v. We then get Green’s first identity:

ov
uAv—i—/ Vu, Vv :/ U—-.
/D D< ) op On

Our goal is to solve the equation Av = g in D with v = 0 on the boundary
of D. This is Poisson’s equation, while the Dirichlet problem more properly
refers to the equation Av = 0 in D with v equal to some pre-specified
function f on the boundary of D.

If we have a solution v and u € C§°(D), then by Green’s identity we get

/Du(x)g(as) dx = —/jj(Vu(a:),Vv(x»d:v.

So one way of formulating a (weak) solution to Poisson’s equation is: given
g € L*(D), find v € H} such that

E(u,v) = —/ug
for all uw € C3°(D).

After all this, it is easy to find a weak solution to the Poisson equation.
Suppose g € H}. Define ¢(u) = —(u, g). Then

()] < llgll Tl < cllgllé (u, w)'>.

By the Riesz representation theorem for Hilbert spaces, there exists v € H}
such that (u) = &E(u,v) for all u. So

E(u,v) = l(u) = =(u, 9),

and v is the desired solution.



Chapter 5

Duals of normed linear spaces

5.1 Bounded linear functionals

If X is a normed linear space, a linear functional ¢ is a linear map from X to
F, the field of scalars. ¢ is continuous if ||z, — z|| — 0 implies £(z,,) — £(z).
¢ is bounded if there exists ¢ such that |¢(z)| < ¢||z|| for all z.

Theorem 5.1 A linear functional ¢ is continuous if and only if it is bounded.

This is a special case of Proposition 2.1.

The collection of all continuous linear functionals of X is called the dual
of X, written X’ or X*.

Note N, = ¢71({0}) is closed, since ¢ is continuous.

Define
[0(z)]|

|€]] = sup .
l|z||£0 |||

By linearity, this is the same as sup,_; [¢(z)]-

Proposition 5.2 X* is a Banach space.

This is Proposition 3.2.

o1
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5.2 Extensions of bounded linear functionals

Proposition 5.3 Let X be a normed linear space, Y a subspace, ¢ a linear
functional on'Y with |(y)| < c||y|| for ally € Y. Then ¢ can be extended to
a bounded linear functional on X with the same bound on X as on Y.

Proof. This is the Hahn-Banach theorem with p(z) = ¢||z||. m

Y1,--.,yn are said to be linearly independent if vazl ciy; = 0 implies all
the ¢; are zero.

Theorem 5.4 Suppose y,...,yn are linearly independent and aq,...,ayn
are scalars. Then there exists a bounded linear functional £ such that {(y;) =

Clj.

Proof. Let Y be the span of y1,...,yy. If y € Y, then y can be written as
>_bjy; in only one way, for if ) by, is another way, then

> b=ty =y—y=0,

and so b; = b’ for all j. Define

E( Z bjyj) = Z a;b;.

Now use the preceding theorem to extend /¢ to all of X. |

Theorem 5.5 If X is a normed linear space, then

= max |/ .
lyll = max |¢(y)]

Proof. [¢(y)] < ||4]| |ly||, so the maximum on the right hand side is less than
or equal to y.

If y € X, let Y = {ay} and define ¢(ay) = a|ly||. Then the norm of ¢ on
Y is 1. Now extend ¢ to all of X so as to have norm 1. O
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Theorem 5.6 (Spanning criterion) Let Y be the closed linear span of {y;}.
Suppose that whenever { is a bounded linear functional such that ((y;) = 0
for all j, then ((z) = 0. We conclude that z € Y.

Proof. If /(y;) = 0 for all j, then ¢(y) for all y of the form ) a;y;, and by
continuity of ¢, for all y € Y.

Suppose z ¢ Y. Then

inf |2 —y|| =d > 0.
nfllz—yl=d>0

Let Z = {y+az:y € Y}. Define {y on Z by {y(y + az) = a. We note that ¢
is well defined, since if y+az = ' +a’z, then (¢’ —a)z =y —y'. Since z ¢ Y
and y —y' € Y, then ' —a =0, and it follows that y = 3'. Then

a

ly + az|| = |al > dlfal]

Therefore on Z, ¢y is bounded by d~!. Extend ¢, to all of X. But then
lo(y;) = 0 while {y(z) = 1. O

5.3 Uniform boundedness

Theorem 5.7 Let X be a Banach space and {{,} a collection of bounded
functionals such that |0,(x)| < M(x) for all v and each x. Then there exists
¢ such that ||0,|| < c.

In other words, if the ¢, are bounded pointwise, they are bounded uni-
formly.

This is just a special case of the uniform boundedness principle (Banach-
Steinhaus theorem).

5.4 Reflexive spaces

If z € X, define the linear functional L, on X* by
L.(0) ={(x).
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It is clear that L, is linear. Since
[Lo ()] = [€()] < [le]l |||,

we see that ||L,|| < ||z||. Define ¢ on Y = {ax} by ¢'(azx) = al|z||. Note the
norm of ¢ on Y is 1. Use Hahn-Banach to extend this to a linear functional
on X. Then

|Lo(0)] = |0 (z)| = |||,

and since ||| = 1, we conclude ||L,|| = ||z]]. So we can isomorphically
embed X into X**.

Corollary 5.8 Let X be a normed linear space, {x,} a subset such that for
all ¢ € X* we have

[0(x,)| < M(L) for all z,.

Then there ezists ¢ such that |z,| < ¢ for all x,.

Proof. Write L, (¢) = ¢(z,). So each z, acts as a bounded linear functional
on X*. O

A Banach space is reflexive if X** = X.

If1<p,qg<ooand i + % = 1, then the dual of L is isomorphic to L9.
Hence the LP spaces are reflexive.

Theorem 5.9 Hilbert spaces are reflexive.

Proof. Recall X* = X, and the result follows from this. To see X* = X,
if ¢ is a linear functional, there exists y such that ¢(z) = (z,y) for all x. If
we show || = ||y||, this gives an isometry between X and X*. By Cauchy-
Schwarz, |[((x)| = [(z,y)| < [[z[[{[yll, so [I¢] < llyll. Taking = =y, £(y) =
ly1I?, hence [|€]| = {ly]l- D

Proposition 5.10 If X is a normed linear space over C and X* is separable,
then X 1is separable.
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Proof. Since X* is separable, there is a countable dense subset {/,}. Recall
[€n]] = supjj=1 [€n(z)|. So for each n there exists z,, € X such that [|z,[| =1
and 0y (z,) > 5[|Call.

We claim the linear span of {z,} is dense in X. To prove this, we start
by showing that if ¢ is a linear functional on X that vanishes on {z,}, then
¢ vanishes identically.

Suppose not and that there exists ¢ such that ¢(x,) = 0 for all z,, but
¢ # 0. We can normalize so that ||¢|]| = 1. Since the ¢,, are dense in X*, there
exists £, such that ||¢ — ¢,|| < 1/3. Therefore ||¢,|| > 2/3. Then

3 > (0= 0) ()| = [n(n)| > 510l > 5 - 3,

a contradiction.

If z € X, any linear functional that vanishes on {x,} is identically zero.
By the spanning criterion, z is in the closed linear span of the x,, and thus
the closed linear span is all of X. Then the set of finite linear combinations
of the x,, where all the coefficients have rational coordinates, is also dense in
X, and is countable. O

By the Riesz representation theorem from real analysis, the dual of X =
C([0,1]) is the set of finite signed measures on [0,1]. X is separable, but
X* is not, since ||d, — 0, = 2 whenever x # y. It follows that X is not
reflexive: if it were, we would have X** separable, but X* not, contradicting
the previous proposition.

5.5 Weak convergence

Let X be a normed linear space. We say x,, converges to x weakly, written
w — limx, = x or z,—x if {(x,) — £(z) for all £ € X*.

. . S .
x,, converges to x strongly, written s —lim x,, = z or x,—x if ||z, —z| —

0.

Strong convergence implies weak convergence because

[€(zn) = ()| = [€(zn — 2)| < |[€][ |2 — ]| = 0.
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As an example where we have weak convergence but not strong conver-
gence, let X = ¢? and let e, be the element whose n'* coordinate is 1 and
all other coordinate coordinates are 0. Since |le,|| = 1, then e, does not
converge strongly to 0. But it does converge weakly to 0. To see this, if ¢ is
any bounded linear functional on X, then ¢ is of the form ¢(z) = (x,y) for
some y € X, which means y = (by, by, ...) with 37 [b;|> < co. In particular,
b; — 0. Then {(e,) = b, — 0 = £(0).

This example stretches to any Hilbert space. If {x,} is an orthonormal
sequence in the space, {(z,) = (x,,y) for some y. By Bessel’s inequality,

2z, ) < lyll?, so {zn,y) = 0,

Proposition 5.11 Let X be a normed linear space and suppose x,, converges
weakly to x. Then ||z|| < liminf ||z,]|.

Proof. There exists ¢ such that ||¢]| = 1 and |¢(x)| = ||z|]. Then [{(z)| =
lim [€(z)| and [€(zn)| < [[€]] [lzn]l = flzn]- o

5.6 Weak™ convergence

We say u, € X* is weak® convergent to u if limw,(z) = u(x) for all z € X.
If X is reflexive, then weak* convergence is the same as weak convergence.

Weak convergence in probability theory can be identified as weak® con-
vergence in functional analysis.

As an example, if S is a compact Hausdorff space and X = C(S), then
X* is the collection of finite signed measures. Saying a sequence of mea-
sures v, converges in the weak* sense means that [ f dv, converges for each
continuous function f.

A set is weak® sequentially compact if every sequence in the set has a
subsequence which converges in the weak® sense to an element of the set.
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5.7 Approximating the ) function

Let k, be a sequence of integrable functions on the interval [—1,1]. They
approximate the & function (or are an approzimation to the identity) if

/_11 f()k,(t)dt — f(0) (5.1)

as n — oo for all f continuous on [—1, 1].

As an example, we could take k,(t) = nxp,1/m(t).

Theorem 5.12 k, approzimates the 6 function on [—1,1] if and only if the
following three properties hold.

(1) [, ka(t)dt — 1.

(2) If g is C* and 0 in a neighborhood of 0, then
1

/ G(E)en(t) dt — 0

1
as n — Q.

(8) There exists ¢ such that f_ll |kn ()| dt < ¢ for all n.

Proof. If (1)-(3) hold, write f = (f — f(0)) + f(0), and we may suppose
without loss of generality that f(0) = 0. Choose g € C*° such that ¢ is 0 in
a neighborhood of 0 and ||g — f|| < . We have

[ o] < [l <es
/gkn—>0.

limsup’/fk:n

Since ¢ is arbitrary, this shows (5.1).

and

< ce.
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If (5.1) holds, then (1) holds by taking f identically 1 and (2) holds by
taking f equal to g. So we must show (3). If X is the set C' of continuous
functions on [—1, 1], then X* is the collection of finite signed measures (by
the Riesz representation theorem of real analysis). Let my,(dt) = k,(t) dt and
mo(dt) = do(dt). Then (5.1) says that m,(f) — mo(f) for all f € C, or m,
converges to mg in the sense of weak-* convergence. limsup |m,(f)| < oo,
so |m,(f)| < M(f) for all f, and by the uniform boundedness principle,
|lmn|| < c. Note by the proof of the Riesz representation theorem, ||m,|| is
the total mass of m,,, which is fjl |kn(t)| dt. 0

From the approximation of the d-function, we can show that there exists
a continuous function f whose Fourier series diverges at 0.

We look at the set of continuous functions on S', the unit circle. We say
f(0) has Fourier series Y>> a,e™’ with

— 1 " —inf
n = 5 /_7r f(@)e " de.

The Fourier series converges at 0 if

N

Yo 0.

Recall from Section 4.6 that

> on=g [ 1OkxO)@,

where
sin(N + £)0

sin /2
So the convergence of the Fourier series at 0 is equivalent to ky being an
approximation to the ¢ function. And if (3) fails, then 3.V a, does not
converge for some f.

kn(0) ==

Since |sinz| < |z|, then

> =
]

)

o7l
sinx /2
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and therefore

/ |kn(0)] dO > 2/ |sin(N+%)0|%

—T —T

(N+3)m du
= 4/ | sin x| —
0 x

> clog N

5.8 Weak and weak* topologies

The weak topology is the coarsest topology (i.e., fewest sets) in which all
bounded linear functionals are continuous.

Bounded linear functionals are continuous in the usual norm topology
(also called the strong topology), so the weak topology is coarser than the
strong topology.

Recall that a topology is a collection of sets that contain () and X and
which is closed under arbitrary unions and finite intersections. Elements of
the topology are called open sets. A subcollection of a topology is a basis if
every open set can be written as the union of elements of the subcollection.
A subcollection of the topology is a subbasis is the set of finite intersections
of elements of the subcollection is a basis.

Let S be the collection of sets of the form
{z:a<l(x)<b}

for reals a < b and ¢ € X*.

Proposition 5.13 If we are considering real-valued bounded linear function-
als, then S is a subbasis for the weak topology.

Proof. Since ¢ is continuous in the weak topology and {z : a < {(z) < b} =
¢7Y((a,b)), then S is a subcollection of the weak topology.

Any topology with respect to which all bounded linear functionals are
continuous must contain &, and the smallest such is the topology generated
by S. |
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Finite intersections of sets in S are unbounded if X is infinite dimensional,
so every open set in the weak topology when X is infinite dimensional is
unbounded. The open unit ball ({z : ||z|| < 1}) is a set that is open in the
strong topology but not the weak topology.

5.9 The Alaoglu theorem

Consider X*, where X is a Banach space. For x € X, define L, : X* — R
by L.(¢) = ¢(x). The weak* topology is the coarsest topology on X* with
respect to which all the L, with z € X are continuous. As above, a subbasis
for the weak* topology is the collection of sets {¢ : a < ¢(x) < b}, where
a<beRandz e X.

Lemma 5.14 Suppose [ is a function from a topological space (X,T) to a
topological space (Y,U). Let S be a subbase for Y. If f~Y(G) € T whenever
G € S, then f is continuous.

Proof. Let B be the collection of finite intersections of elements of S. By
the definition of subbase, B is a base for Y. Suppose H = GiNGyN---NG,
with each G; € S. Since f~Y(H) = f~}G1)N---N f71(G,) and T is closed
under the operation of finite intersections, then f~'(H) € T. If J is an open
subset of Y, then J = U,erH,, where [ is a non-empty index set and each
H, € B. Then f~!(J) = Uuerf ' (H,), which proves f~*(J) € T. That is
what we needed to show. |

Recall that the product topology on [] ., X, is the one generated by the
sets {m,'(G) : &« € I,G open in X, }. Here 74 is the projection of [],.; Xa
onto Xg, that is, if * = {z,} so that z, is the o' coordinate of x, then
mg(x) = xp.

Theorem 5.15 (Alaoglu theorem) The closed unit ball B in X* is compact
in the weak® topology.

There is a connection with the Prohorov theorem of probability theory.
Let X = C(S) where S is a compact Hausdorff space. If yu, is a sequence of
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probability measures, then the u, are elements of the closed unit ball in X™*.
The Alaoglu theorem implies there must be a subsequence which converges
in the weak® sense.

Proof. If ¢ € B, then |{(z)| < ||z||. Let

p=]]%.

zeX

where I, = [—||z]|, ||z]|]. Map B into P by setting ¢(¢) = {{(x)}, the function
whose x" coordinate is £(x).

We will show that ¢ is one-to-one, continuous, and onto ¢(B). Hence
to show B is compact, it suffices to show ¢(B) is compact. By Tychonov’s
theorem, P is compact. So it suffices to show that ¢(B) is closed.

That ¢ is one-to-one is obvious. To show ¢ is continuous, we use the lemma
and show that ¢~'(G) is open when G is a subbasic open set in the product
topology. The collection of sets {{f € P:a < f(z) <b},z € X,a <b € R}
is a subbasis for the product topology. If GG is such a set, then

e N G)={teB:a</l(lz)<bl={{eB:a< Ly({)<b}

is open in the weak* topology. To show ¢ is open, we need to show, using the
lemma, that ¢(G) is relatively open in P if G is of the form {¢ : a < ¢(x) < b}.
But then o(G) ={f € ¢(B) : a < f(x) < b} is relatively open in P.

Let p be in the closure of ¢(B). We will show p = ¢(¢) for some ¢ € B.
Fix z,y € X and ¢ € R. If we show that p(z +y) = p(z) + p(y) and
p(cx) = ep(x), then p will be equal to ¢(¢) for a linear functional on X.
Since p € p(B) C P, then |p(z)| < ||z|| for each z, and p will be equal to
@(¢) for £ € B, which finishes the proof.

We prove that p(x + y) = p(z) + p(y). For each m, the set

{feP:plx)—27" < f(z) <plx)+27",py) =27 < fy) <ply) +277,
ple+y)—2" < flx+y) <plz+y)+27"}

is the intersection of three subbasic sets in the product topology, and hence
is open. Since p is a limit point of ¢(B), there exists ¢, in B such that
©(qm) is in this set. We conclude ¢(g,)(z) — p(x), and similarly with
x replaced by y and by x + y. Since ¢, is a bounded linear functional,
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Im(z + 1Y) = gm(x) + ¢n(y). Passing to the limit, p(z +y) = p(x) + p(y) as
required. O

5.10 Transpose of a bounded linear map

Suppose M : X — U. We define the transpose M’ (or M*) as follows.
M :U* — X*. If ¢ € U*, {(Mz) is a linear functional on X, and we call
this linear functional M’(.

Sometimes the notation ¢(u) = (u, ). With this notation,
(Mz,0) = (Mz) = M(x) = (x, M'l),

which justifies the name adjoint or transpose.

Proposition 5.16 (1) M’ is bounded and | M'|| = ||M]|.
(2) (M +NY = M + N,
(3)If M : X — U and N : U — W are linear, then (NM)" = M'N".

Proof. (1) [ M'|| = supyg— [|M']| (recall M'¢ € X*) and

[MC)| = sup [M'U(x)| = sup [£(Mx)|.

llzll=1 l|lz||=1
So
M| = sup |[((Mz)| = sup |[Mz|| = [|M].
I4l1=1,llzl|=1 z)=1
(2) is easy.
To prove (3), we write

m(NM)x = (N'm)(Mz) = (M'N'm)(x),

so m(NM) = M'N'm), and our result follows. i
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Convexity

6.1 Locally convex topological spaces

We look at topologies other than those defined in terms of linear functionals.

A topological linear space is a linear space over the reals with a Hausdorff
topology satisfying
(1) (z,y) — x + y is a continuous mapping from X x X — R.
(2) (k,z) — kx is a continuous mapping from F' x X — X.
If in addition,
3) Every open set containing the origin contains a convex open set containing
the origin
then we have a locally convez topological linear space (LCT).

It is an exercise to show that the weak and weak* topologies are locally
convex (i.e., satisfy (3)).

Topological linear spaces just satisfying (1) and (2) are not satisfactory,
because there may not be enough linear functionals. If we have (3), then
we can use the hyperplane separation theorem to produce linear functionals.
Thus convexity is important.

Proposition 6.1 In a LCT linear space,
(1) if T is open, so are T — xo, kT, and —T.
(2) Every point of an open set T is interior to T.

63
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Proof. (1) The map ¢ : y — xo + y is the composition of the maps y —
(x0,y) and (zo,y) — xo +y. If A and B are open in X, the inverse image of
A x B under the first map is B if g € A and 0 if zy ¢ A, which is open in
either case. By Lemma 5.14, since the inverse image of subbasic sets is open,
the first map is continuous. Therefore ¢ is continuous. 7' — x is the inverse
image of 1" under . kT is similar.

(2) Suppose 0 € T'. Fix z € X. k — kx is continuous, so {k : kxz € T'} is
open. Since 0 € T, then 0 is in this set, and therefore there exists an interval
about 0 such that kx € T if k is in this interval. This is true for all x, and
therefore 0 is an interior point. Use translation if the point we are interested
in is other than 0. |

6.2 Separation of points

In a LCT space, we can talk about continuous linear functionals, but not
bounded linear functionals.

Proposition 6.2 Continuous linear functionals in a LCT linear space X
separate points: if y # z, there exists { such that {(y) # £(z).

Proof. Without loss of generality assume y = 0. There exists an open set
T that contains 0 but not z, since the topology is Hausdorff. We can take T'
to be convex. By looking at 7'N (—=7'), we may assume that 7" is symmetric,
that is, T'= —T'. 0 € T is interior, so the gauge function pr is finite. Recall
pr(u) <lifueT.

By the hyperplane separation theorem, there exists ¢ such that ¢(z) = 1
and {(z) < pr(z) for all x. Since {(y) = £(0), then ¢ separates.

It remains to prove that ¢ is continuous.

We first show H = {w : ¢(w) < ¢} is open. If w € H and u € T, let
r =c—{(w). Then

lw+ru) =L(w) +rl(u) < lw)+rpr(u) < l(w) +c—l(w) =c,

so w + ru € H. Therefore the inverse image under ¢ of (—oo,¢) contains
w + T, an open neighborhood of w. Hence H is open.
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A similar argument shows J = {w : f(w) > d} is open. Let w € J, u € T,
and r = d — ¢(w). Since r is negative,

l(w —ru) = lw) + rl(—u) > L(w) + rpp(—u) > l(w) +r =d,

sow —ru € J. As above, J is open.

Since the inverse images of (—oo, ¢) and (d, o0) are open and the collection
of such sets is a subbasis for the topology of the real line, ¢ is continuous. O

Using the extended hyperplane separation theorem, we have

Corollary 6.3 Let K be a closed convex set in a LCT space, z ¢ K. There
exists a continuous linear functional ¢ such that ((y) < ¢ for y € K and
l(z) > c.

6.3 Krein-Milman theorem

We will use the easy fact that if E is an extreme subset of a convex set K
and p is an extreme point for £, then p is an extreme point for K.

Theorem 6.4 (Krein-Milman) Let K be a nonempty, compact, convex sub-
set of a LCT linear space X. Then

(1) K has at least one extreme point.

(2) K is the closure of the convex hull of its extreme points.

Proof. (1) Let {E};} be the collection of all nonempty closed extreme subsets
of K. It is nonempty because it contains K. We partially order by reverse
inclusion: F < F if E D F. We show that if we have a totally ordered
subcollection, N;E; is an upper bound with respect to “<,” and hence by
Zorn’s lemma a maximal element, which means that it contains no strictly
smaller extreme subset.

The intersection of any finite totally ordered subcollection {E;} is just
the smallest one. Since K is compact, by the finite intersection property, the
intersection of any totally ordered subcollection is nonempty. (If NE; = 0,
then {Ef} forms an open cover of K, so there is a finite subcover, and
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then the intersection of those finitely many FE; is empty, a contradiction.)
The intersection of closed sets is closed, and it is easy to check that the
intersection of extreme sets is extreme.

By Zorn’s lemma, there is a maximal element E, an extreme subset that
contains no strictly smaller extreme subset. We claim FE is a single point.
If not, there exists a continuous linear functional ¢ that separates 2 of the
points of E. Let p be the maximum value of ¢/ on E. Since E is compact,
this maximum value is attained. Let M = {x € F : {(z) = p}. M # E since
¢ is not constant. £ is continuous and F is closed, so M is closed. ¢~!({u})
is the inverse image of an extreme set and we can check that it therefore is
itself extreme, so M is extreme in F, and since FE is extreme in K, M is
extreme in K. But this contradicts the fact that F was a minimal extreme
subset.

(2) Let K. be the extreme points of K. We’ll show that if z is not in
the closure of the convex hull, then z ¢ K. There exists a continuous linear
functional ¢ such that £(y) < c for y € K, and ¢(z) > ¢. K is compact and
¢ is continuous, so ¢ achieves it maximum on a closed subset E of K. E is
extreme, and F must contain an extreme point p. Since p € E C K., then
¢(p) < c. Since {(p) = maxg {(z), then {(z) < l(p) < ¢ for all z € K. Since
((z) > ¢, then 2z ¢ K. O

6.4 Choquet’s theorem

Here is a theorem of Choquet.

Theorem 6.5 Suppose K is a nonempty compact convex subset of a LCT
linear space X. Let K. be the set of extreme points. If u € K, there exists a
measure m,, of total mass 1 on K, such that

u= /e emy(de)

A measure with total mass one is a probability measure, but this theorem
has nothing to do with probability.

m the weak sense.
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The equation holding in the weak sense means

E(u):/ l(e) my(de)

for all continuous linear functionals /.

Proof. Let m, M be the minimum and maximum of £ on K. K is compact,
so these values are achieved. Then {x € K : {(z) = m} is an extreme subset
of K and similarly with m replaced by M. They each contain extreme points.
Soifue K,

min ¢(p) < ¢(u) < max/{(p). (6.1)

pEK. pEK,e
If /1 and /5 are equal on K., then applying the above to ¢; — {5 shows they
are equal on K.

Let L be the class of continuous functions on K, that are the restriction
of a continuous linear functional. Fix u. Define r on L by setting

r(l) = L(u).

If L contains the constant function 1, then by (6.1) we have r(¢) = £(u) = 1.
If L does not contain the constant functions, adjoin the constant function
fo =1to L and set 7(fy) = 1. The set L is a linear subspace of C(K,).
Check that r is a positive linear functional on L.

Now use Hahn-Banach to extend r from L to C(K.).

K. is a closed subset of K, hence compact. r is a positive linear functional
on C(K.). By the Riesz representation theorem from measure theory, there
exists a measure m such that

r(f)= [ fdm.
Ke

Since r(fo) = 1, then m(K,) = 1. O

An example: in R?, let K be the unit circle in the (z,y) plane together
with {(1,0,2) : |z] < 1}. Then (1,0,0) ¢ K., so the collection of extreme
points is not closed.

Choquet proved an important extension of his theorem in that we can take
the integral to be over K, rather than its closure, provided K is metrizable.

We write b(u) for [ epu(de), the barycenter of p.
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Theorem 6.6 (Choquet) If K is convex, compact, and metrizable, and x €
K, there exists a probability measure p supported on the extreme points of K
such that x = b(p).

A function f is concave if —f is convex. Let S be the set of continuous
concave functions on K. § is closed under the operation A (the operation
of taking the greatest lower bound) and is closed under addition. It is an
exercise to show that S§—3& is closed under A and V. §—S& contains constants,
and since it contains linear functions, it separates points. By the Stone-
Weierstrass theorem, S — S is dense in C'(K).

Let us write A=p if [ fdX\ > [ fdp for all f € S, where p and \ are
probability measures on K. The idea of the existence of an extremal measure
is the following. If x is not extremal, it can be written as ), a,x;. Any x; that
is not an extreme point has a similar representation. The measure ) . a;0,,
is “closer” to the boundary than J, and we will see this means ) . a;0,,>0,.
The desired representation will come if we find the measure that is maximal
with respect to <.

Proposition 6.7 There exists p such that 0,<p and p>=X\ whenever A>o,.

Proof. We use Zorn’s lemma. Suppose [ is a totally ordered set and p; is a
probability measure on K for each ¢ € I with pu;<p; if i < j. If f € S, then
| f du; decreases as i increases. Let £(f) denote the limit. In this context,
this means that given £ > 0, there exists ig € I such that [((f) — [ fdu| <e
if ¢ > 4. Because [ fdu; decreases in i, it is easy to see that ((f) =
infier [ fdu;. Define £ on S — S by ((f) = limy, [ fdp,;. Because all the
1; have total mass 1, ¢ is a bounded linear operator, and we can then extend
¢ to C(K), the continuous functions on K. By the Riesz representation
theorem, there exists a measure p such that ¢(f) = [ fdu for all f € C(K).
If f € §— S is nonnegative, ((f) = lim; [ fdu; > 0, or p is a positive
measure. Since ((1) = 1, p is a probability measure. Because [ fdu =
f) =1inf; [ fdw if f €S8, pw=p; for all ¢ € I. Thus p is an upper bound
for the p;. By Zorn’s lemma, then, {\ : A>0,} has a maximal element. O

We must now show that p has barycenter x and that u is supported on
the extreme points of K.
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Proposition 6.8 If u>9d,, then b(u) =

Proof. Suppose / is any linear functional on K. Then ¢ € S and ¢ € —S.
Thus [(dp < [(dd, and [(—0)dp < [(=€)db,, or [Ldu = [{ds, for all
¢ linear. That implies b(p) = x. O

If f € C(K), the continuous functions on K, let
=inf{ge S,9 > f}. (6.2)

fvis the least concave majorant of f. Note f < f and that fis bounded,
since the constant function g = supy f is continuous and dominates f.

The existence part is completed by the following.

Proposition 6.9 If i is maximal with respect to >, then u is supported on
the extreme points of K.

Proof. Suppose p is maximal. We first show

/fdu /fdu (6.3)

for all f € C(K). Let F = C(K) and define
= / fdy. (6.4)

Since f+g < f + 3, P is clearly sublinear. Suppose [ fdu # f]?du for
some f € C(K). Since S — S is dense in C(K), there exists f € S such that
[fdu+# [ fdp. Let F ={cf:ceR}andlet £(f) = P(f) = [ fdp.

0 < P(f) + P(—f) by sublinearity, so ¢{(—f) = —P(f) < P(—f), or ¢
is dominated by P on F. Use the Hahn-Banach theorem to extend ¢ to E.
Since ¢ is a linear functional on C'(K), there exists a measure v such that
lg = [ gdv for all g € C(K) by the Riesz representation theorem. We claim
v is a probability. ((1) < P(1) =1, and —((1) = {(—1) < P(-1) = —1, or
(1) =1. It g > 0, —l(g) = £(—g) < P(—g) = [(=g)dp <0, or £(g) >0
Thus v is a positive measure with total mass 1, which proves the claim.
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If h €8, then h = h and [hdv = £(h) < P(h) = [hdu = [ hdp, or
v=-u. Moreover, [ fdv = {(f) = P(f) = [ fdu > [ fdu, or v # p. This
contradicts the maximality of y. Therefore [ fdu = [ fduforall f € C(K).

Since (6.3) holds and f < f, 1 must be concentrated on By ={r e K:
f(z) = f(z)} for all f € —S. Since K is metrizable, C'(K) has a countable
dense subset. Since S —S§ is dense in C(K), we can find a countable sequence
fn € =S8 that separate points. We may normalize so that || f,||cc < 1. Let
f=3,(fn)?/2". Then f is convex, continuous, and also strictly convex.
Since f is concave, f(z) > f(z) for all z in K that are not extremal. So By
is contained in the set of extreme points of K, which proves the proposition.

|



Chapter 7

Sobolev spaces

7.1 Weak derivatives

Let C3 be the set of C* functions on R" that have compact support and

have partial derivatives of all orders. For j = (j1,...,J,), write
e
pp= &
o O,

and set |j| = j1 + - + jn. We use the convention that 8°f/9z? is the same
as f.

Let f, g be locally integrable. We say that D7 f = g in the weak sense or
g is the weak j*" order partial derivative of f if

/ f(2) Dpla) dx = (~1)) / 9(2) () da

for all ¢ € C%. Note that if g = D7 f in the usual sense, then integration by
parts shows that g is also the weak derivative of f.

Let
WHhP(R™) = {f: f € LP, D7 f € L? for each j such that |j| < k}.

Set ‘
Ifllwso = > 1Dl

{5:0<5]<k}

71
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where we set D°f = f.
This is slightly different than
. 1/p
I£a= (3 [1077) ",
lil<k

which is the definition we used for the W*? norm earlier. However they are
equivalent norms. To see this, we use the inequality

(a4 0)P < c,a? + c,bP, a,b>0,

where ¢, = 2P~ when p > 1 and ¢, = 1 when p < 1. An induction argument

leads to

WE

N
P

a) <elp,N)Y

i=1 i=1

if each a; > 0.

We have
1 s = (XS N7 A1) < o, ) I F11 = el ) 111

l71<k J<k
for one direction. For the other,

£l < c1/p0) S ([ 107817)" =l

i<k

Theorem 7.1 The space WP is complete.

Proof. Let f,, be a Cauchy sequence in W*P. For each j such that |j| <k,
we see that DV f,, is a Cauchy sequence in LP. Let g; be the LP limit of D7 f,,,.
Let f be the L limit of f,,. Then

[ Do = (-0 [Df)0 = (-1 [ g0
for all ¢ € C2. On the other hand, [ f,, D¢ — [ f D7¢. Therefore

(—1)j/gj<p=/ijs0

for all ¢ € C. We conclude that g; = D’ f a.e. for each j such that |j| < k.
We have thus proved that D7 f,, converges to D’ f in L? for each j such that
|7] < k, and that suffices to prove the theorem. O
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7.2 Sobolev inequalities

Lemma 7.2 If k> 1 and fi,..., fr >0, then

/fl/’f . 1/k /f1 l/k... /f)l/k.

Proof. We will prove

([arnm) < ([n)-([ ) (71)

We will use induction. The case k = 1 is obvious. Suppose (7.1) holds when
k is replaced by k — 1 so that

/fl/ (k=1) g1/ 1 /f1 /fk—l)- (7.2)
Let p=Fk/(k—1) and q = k so that p~' +¢~! = 1. Using Holder’s inequality,
AT
()
Taking both sides to the k' power, we obtain
(fuimaonry
()

Using (7.2), we obtain (7.1). Therefore our result follows by induction. O

Let C} be the continuously differentiable functions with compact sup-
port. The following theorem is sometimes known as the Gagliardo-Nirenberg
inequality.

Theorem 7.3 There exists a constant ¢, depending only on n such that if
u € C}, then
[elln/m—1y < e[ [Vl -
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We observe that u having compact support is essential; otherwise we could
just let u be identically equal to one and get a contradiction. On the other
hand, the constant ¢; does not depend on the support of w.

Proof. For simplicity of notation, set s = 1/(n — 1). Let Kj,..;, be the
integral of |Vu(zy,...,x,)| with respect to the variables z;,,...,x;, . Thus

Ki= [ V(... doy

and
Ko = // \Vu(xy, ..., z,)| dey des.
Note K; is a function of (xs,...,z,) and K is a function of (z1, x4, ..., z,).
If v = (xy,...,2,) € R" then since u has compact support,

1 Ou
o)l = | [ St d

S / IVU(yl, To, ... ,l’n)| dyl
R
== Kl-
The same argument shows that |u(z)| < K; for each 4, so that

Ju(a)[ D = Ju(z)|™ < KPKG - K
Since K7 does not depend on 1, Lemma 7.2 shows that

/|u($)|”5d$1 < Kf/K;---KZda:l

gKf(/Kgdxl)su- (/Knd:cl)s.
/Kdel :/</|Vu(x1,...,xn)|dx2> dr, = Kia,

and similarly for the other integrals. Hence

Note that

/w%msmmy«m
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Next, since K15 does not depend on x,,

[ @ deydes < K, [ K2R e
< KfQ(/Kldx2>s</K13dQ?2>s"‘ </K1ndx2>s
= KfQKfszzs'”Kan-

We continue, and get
/ [u(@)[" doy dws deg < Kipg Kiog Kiog Kiogy - - - Kiag,,
and so on, until finally we arrive at

[ dn, - do, < (5,.,)" = K3

If we then take the ns = n/(n — 1) roots of both sides, we get the inequality
we wanted. O

From this we can get the Sobolev inequalities.

Theorem 7.4 Suppose 1 < p <n andu € C}. Then there exists a constant
c1 depending only on n such that

[ullnp/-py < erl[ [Vl -

Proof. The case p = 1 is the case above, so we assume p > 1. The case
when u is identically equal to 0 is obvious, so we rule that case out. Let

_p(n—1)
n—p

)

and note that » > 1 and
np—n
r—1= .
n—p

Let w = |u|". Since r > 1, then x — |z|" is continuously differentiable, and
by the chain rule, w € C'. We observe that

IVw| < el Vul.
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Applying Theorem 7.3 to w and using Holder’s inequality with ¢ = ]%,
we obtain

([rore) ™ < [1vul

< e / | 2=/ (n=2) 7

p—1

<ol f o) 7 (freur)”

The left hand side is equal to

n—1

(/,u‘np/mp)) "
p—1
(/‘upp/(n—p)) .

n—1 p—1

Divide both sides by

Since
1 n—p
n p P pn
we get our result. |

1
n

We can iterate to get results on the L? norm of f in terms of the L9 norm
of D*f when k > 1.

Theorem 7.5 Suppose k > 1. Suppose p < n/k and we define q by % =

Lk Then there exists ¢, such that

Ifle<d| S 1041

{:lil=k} P

7.3 Morrey’s inequality

Morrey’s inequality shows that if f € LP for large enough p, then f is Holder
continuous.

Let
/@) = F)]

[fller = 1lflloe + sup
THY |‘T - y|’y
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Theorem 7.6 Suppose p > n and u € C*(R™) with compact support. Let

vy=1-— %. Then there exists a constant ¢ depending only on p and n such

that
uller < cllullwrs.

Proof. We will prove the Holder estimate first and then do the L* estimate.
Let’s take x = 0.

If vedB(0,1) and 0 < s < r, then
S d S
|u(x+sv)—u(w)|:)/ W(ﬁm)dt):‘/ (Vu(z + tv), v) dit
0 0
S/ |Vu(x + tv)| dt.
0

Integrating over v € 9B(0, 1), if ¢ is surface measure,

/ lu(x + sv) — u(z)|do(v) / / |Vu(z + tv)| do(v) dt
8B(0,1) 0B(0,1)

We change to rectangular coordinates, with « +tv = y, so that t = |y — x|
and do(v) =t do(y):

—u(x)|do(v —\Vu(y)\ o
meﬁux+mo (Md<>§[¥@w_wwld<w.

If we change the integral on the right to being over B(0,r), this just makes
the integral larger.

Now multiply by s"~! and integrate over s from 0 to r to get

/' luy) — ule uw<——/ el
B(0,r) B(0,r) |y —z["

If x,y € R, set r = |y — x| and let W = B(z,r) N B(y,r). We see that if
z € W, then

u(z) = u(y)] < fu(z) —u(z)] +[u(z) = u(y)],
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and then integrating over such z,

lu(z) — u(y l_]W\/ lu(x |dz—i-|W|/ lu(y) — u(z)|dz,

where | A| is the Lebesgue measure of A.

We estimate the first integral, the second being almost identical. Note
|B(x, r)| /IW| does not depend on r. By Hélder’s inequality,

7] J, et §
PRy

:CT |£L'—Z| p—1
p(n—1) =1
< () vl
< o' || Vall,
1_n
= alr =y [Vl

A

This argument works no matter what x is.

Now we turn to the L> estimate. Suppose ||u||y1» = 1. If there exists
such that |u(x)| > M (where M will be chosen in a moment), then from

[u(z) = u(y)| < erle = y|' "7 [ Vaull, < erw —y|' 7,

we see that |u(y)| > M/2 in B(x,1) as long as M > 2¢;. But

1/p
L=l =l > ([ JutPdy)” = et
B(z,1)

Take M = max(2c1,2/ce). We then get a contradiction to the assumption
that there exists z with |u(x)| > M. O

If » > 0 is an integer and a € (0,1), define

Ifllcre =" sup | D7 f(x |+Zsup Dif(x)— DI f(y )|7

_ [0
ler © il=r |x yl

and let C™® be the set of functions whose norm is finite.

Also part of the Sobolev embedding theorem is the following.
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Theorem 7.7 If
k—r—a 1

n p
then WEP(R™) C C™ and for f € C**® with compact support,

[fllome < ellfllwes-

This follows easily from the Morrey inequality.
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Chapter 8

Distributions

For simplicity of notation, in this chapter we restrict ourselves to dimension
one, but everything we do can be extended to R™, n > 1, although in some
cases a more complicated proof is necessary.

8.1 Definitions and examples

We use CFF for the set of C* functions on R with compact support. Let
Df = f', the derivative of f, D*f = f”, the second derivative, and so on,
and we make the convention that Df = f.

If f is a continuous function on R, let supp (f) be the support of f, the
closure of the set {z : f(z) # 0}. If f;, f € C¥, we say f; — f in the OF
sense if there exists a compact subset K such that supp (f;) C K for all j, f;
converges uniformly to f, and D™ f; converges uniformly to D™ f for all m.

We have not claimed that C3 with this notion of convergence is a Banach
space, so it doesn’t make sense to talk about bounded linear functionals.
But it does make sense to consider continuous linear functionals. A map F':
O — Cis a continuous linear functional on C¥ if F\(f +g) = F(f)+ F(g)
whenever f,g € C%¥, F(cf) = cF(f) whenever f € C¥ and ¢ € C, and
F(f;) — F(f) whenever f; — f in the C'¥¥ sense.

A distribution is defined to be a complex-valued continuous linear func-
tional on CF.

81
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Here are some examples of distributions.

Example 8.1 If g is a continuous function, define

G,y(f) = / f(@)g(e)de,  feCE. (8.1)

It is routine to check that G is a distribution.

Note that knowing the values of G,(f) for all f € C§ determines g
uniquely up to almost everywhere equivalence. Since ¢ is continuous, ¢ is
uniquely determined at every point by the values of G,(f).

Example 8.2 Set §(f) = f(0) for f € C%. This distribution is the Dirac
delta function.

Example 8.3 If g is integrable and k£ > 1, define
F(p) = [ Df@yg)ds, e CF
R

Example 8.4 If k > 1, define F(f) = D*f(0) for f € C%.

There are a number of operations that one can perform on distributions
to get other distributions. Here are some examples.

Example 8.5 Let h be a C* function, not necessarily with compact sup-
port. If Fis a distribution, define M, (F") by

Mw(F)(f) = F(fh),  feCf.
It is routine to check that M, (F) is a distribution.

Example 8.1 shows how to consider a continuous function g as a distribu-
tion. Defining Gy by (8.1),

Mi(Gy)(f) = Gy(fh) = / (fh)g = / F(hg) = G ().

Therefore we can consider the operator M) we just defined as an extension
of the operation of multiplying continuous functions by a C'** function h.
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Example 8.6 If F'is a distribution, define D(F) by
D(F)(f) = F(=Df),  feCg.

Again it is routine to check that D(F) is a distribution.

If g is a continuously differentiable function and we use (8.1) to identify
the function g with the distribution G, then

D(G))() = Gyl ~DJ) = [ (~D)(w)g(e) d
~ [ @Dy @) s = Gnylr), 1€ CF.

by integration by parts. Therefore D(G,) is the distribution that corresponds
to the function that is the derivative of g. However, D(F’) is defined for any
distribution F'. Hence the operator D on distributions gives an interpretation
to the idea of taking the derivative of any continuous function.

Example 8.7 Let a € R and define T, (F') by
T.(F)(f) = F(f-a),  [€Ck,
where f_,(z) = f(z 4+ a). If G, is given by (8.1), then
T(G() = Gylf-2) = [ f-alalgla) da
~ [ f@lo - a)de =Gy (5. fecr.

by a change of variables, and we can consider T, as the operator that trans-
lates a distribution by a.

Example 8.8 Define R by

R(F)(f) = F(Rf),  feCg,

where Rf(z) = f(—=). Similarly to the previous examples, we can see that
R reflects a distribution through the origin.
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Example 8.9 Finally, we give a definition of the convolution of a distri-
bution with a continuous function h with compact support. Define Cj,(F)
by

Cu(F)(f) = F(f * Rh),  feCk,
where Rh(x) = h(—x). To justify that this extends the notion of convolution,
note that

Ch(Gf) = Colf + RH) = / (@) = Rh)(a) do

// —x)dydff:/f(y)(g*h)(y)dy

— Gg*h

or C, takes the distribution corresponding to the continuous function g to
the distribution corresponding to the function g * h.

One cannot, in general, define the product of two distributions or quanti-
ties like 0(z?).

8.2 Distributions supported at a point

We first define the support of a distribution. We then show that a distribu-
tion supported at a point is a linear combination of derivatives of the delta
function.

Let G be open. A distribution F' is zero on G if F(f) = 0 for all C%¥
functions f for which supp (f) C G.

Lemma 8.10 If F is zero on G1 and G, then F' is zero on G1 U Gs.

Proof. This is just the usual partition of unity proof. Suppose f has support
in G1UG,. We will write f = f1+ fo with supp (f1) C G and supp (f2) C Gs.
Then F(f) = F(f1) + F(f2) =0, which will achieve the proof.

Fix = € supp (f). Since Gi, G2 are open, we can find h, such that h, is
non-negative, h,(z) > 0, h, is in C%, and the support of h, is contained
either in Gy or in Go. The set B, = {y : h,(y) > 0} is open and contains z.
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By compactness we can cover supp f by finitely many sets {B,,, ..., Bz, }
Let h; be the sum of those h,, whose support is contained in G; and let hy
be the sum of those h,, whose support is contained in GG5. Then let

hn _ h
_h1+h2f’ fz_h1+h2

fi I
Clearly supp (f1) C Gy, supp(fa) C G, f1 + fo > 0 on Gy U Gy, and
f=h+/a. u

If we have an arbitrary collection of open sets {G,}, F'is zero on each G,
and supp (f) is contained in U,G,, then by compactness there exist finitely
many of the G, that cover supp (f). By Lemma 8.10, F(f) = 0.

The union of all open sets on which F' is zero is an open set on which F
is zero. The complement of this open set is called the support of F.

Example 8.11 The support of the Dirac delta function is {0}. Note that
the support of D*§ is also {0}.

Define

— k
[ Fllexey = max sup |D" f(z)].

Proposition 8.12 Let F' be a distribution and K a fixed compact set. There
exist N and ¢ depending on F and K such that if f € C% has support in K,
then

[E(H)] < el fllew -

Proof. Suppose not. Then for each m there exists f,, € C¥ with support
contained in K such that F'(f,,) = 1 and || f||cmk) < 1/m. Therefore f,, — 0
in the sense of C%. However F(f,,) =1 while F'(0) = 0, a contradiction. O

Proposition 8.13 Suppose F' is a distribution and supp (F') = {0}. There
exists N such that if f € C5 and D7 f(0) =0 for j < N, then F(f) =0.
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Proof. Let ¢ € C* be 0 on [—1,1] and 1 on |z| > 2. Let g = (1 — ¢)f.
Note ¢pf =0 on [—1,1], so F(¢f) = 0 because F' is supported on {0}. Then

Flg) = F(f) = F(ef) = F().

Thus is suffices to show that F'(g) = 0 whenever g € C%, supp (g) C [-3, 3],
and D’g(0) =0 for 0 < j < N.

Let K = [—3,3]. By Proposition 8.12 there exist N and ¢ depending only
on F such that |F(g)| < c||gllcv (k). Define gn(x) = ¢(mz)g(r). Note that
gm(z) = g(x) if || > 2/m.

Suppose |z| < 2/m and g € C%° with support in [—3,3] and D7g(0) = 0
for 7 < N. By Taylor’s theorem, if j < N,

Dig(z) = D?g(0) + DIt lg(0)a + - - + DNg(O)% +R
— R,
where the remainder R satisfies
N+1 R
|R| < Sylelg\D g(y)\m-
Since |z| < 2/m, then
|D?g(z)] = |R| < cym? ™+ (8.2)
for some constant c¢;.
By the definition of g, and (8.2),
N-1

|gm ()] < calg(z)] < csm™",
where ¢, and ¢z are constants. Again using (8.2),
|Dgm(2)] < lp(ma)||Dg(x)| +mlg()|[Dp(mz)| < eqm™.

Continuing, repeated applications of the product rule show that if £ < N,
then
| DE g ()] < csm* 1Y

for kK < N and |z| < 2/m, where ¢; is a constant.



8.2. DISTRIBUTIONS SUPPORTED AT A POINT 87

Recalling that g,,(z) = g(z) if |x] > 2/m, we see that D’g,,(z) — D7g(x)
uniformly over z € [—3,3] if j < N. We conclude

F(gm —g) = F(gm) — F(g) — 0.

However, each g, is 0 in a neighborhood of 0, so by the hypothesis, F(g,,) =
0; thus F(g) = 0. i

By Example 8.6, D74 is the distribution such that D7§(f) = (—1)7 D7 f(0).

Theorem 8.14 Suppose F is a distribution supported on {0}. Then there
exist N and constants c; such that

N
F = Z c;D'6.
=0

Proof. Let P;(z) be a C%? function which agrees with the polynomial z* in
a neighborhood of 0. Taking derivatives shows that D7 P;(0) = 0 if i # j and
equals ¢! if i = j. Then D7§(P;) = (—1)4! if i = j and 0 otherwise.

Use Proposition 8.13 to determine the integer N. Suppose f € C¥. By
Taylor’s theorem, f and the function

g(z) = _ZD@'f((J)Pi(a:)/e'!

agree at 0 and all the derivatives up to order NV agree at 0. By the conclusion
of Proposition 8.13 applied to f — g,

Therefore

i=0
if we set ¢; = (—1)"F(P;)/i! Since f was arbitrary and the ¢; do not depend
on f, this proves the theorem. |
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8.3 Distributions with compact
support

In this section we consider distributions whose supports are compact sets.

Theorem 8.15 If F' has compact support, there exist a non-negative integer
L and continuous functions g; such that

F=>Y DG,, (8.3)

J<L

where G, is defined by Example 8.1.

Example 8.16 The delta function is the derivative of h, where h is 0 for
x < 0and 1 for x > 0. In turn A is the derivative of g, where ¢ is 0 for z < 0
and g(x) = z for x > 0. Therefore § = DG,

Proof. Let h € C7 and suppose h is equal to 1 on the support of F. Then
F((1=h)f)=0,0r F(f) = F(hf). Therefore there exist N and ¢; such that

|[F(Rf)| < callhfllen -

By the product rule,

[D(hf)| < [WD )] +[(Dh) f| < ol fllew k),

and by repeated applications of the product rule,

IRfllen k) < esllfllev k)

Hence
[F(H)] = [FRf)] < eall fllew -

Let K = [—x0, %] be a closed interval containing the support of F. Let
CN(K) be the N times continuously differentiable functions whose support
is contained in K. We will use the fact that CV(K) is a complete metric
space with respect to the metric || f — gl[cv (k).
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Define

s = (X [1040pae) ™, pecz.

k<M

and let HM be the completion of {f € C%° : supp (f) C K} with respect to
this norm. It is routine to check that H" is a Hilbert space.

Suppose M = N+1 and x € K. Then using the Cauchy-Schwarz inequal-
ity and the fact that K = [—x0, x¢],

DI (@) = 1D (@)~ D ()| = | [ D) dy
1/2 Ditl 2 1/2
< 1200 ([ 17750} )
. 1/2
D]+1 Qd )
<ol [ 107 ) ay)

This holds for all j < N, hence

lullen iy < collul g (8.4)

Recall the definition of completion. If g € HM | there exists g, € CV(K)
such that ||gm — gllg» — 0. In view of (8.4), we see that {g,,} is a Cauchy
sequence with respect to the norm || - || on (g Since CV(K) is complete, then
gm converges with respect to this norm. The only possible limit is equal to
g a.e. We may therefore conclude g € CV(K) whenever g € HM.

Since |F(f)| < allfllevi) < cacsl|fllgr, then F' can be viewed as a

bounded linear functional on H*. By the Riesz representation theorem for
Hilbert spaces (Theorem 4.12), there exists g € H™ such that

F(f) = {f,9)yw = >_ (D*f,D*q),  feH".

k<M

Now if g,, — g with respect to the H* norm and each g,, € C¥(K), then
(D*f,D*g) = lim (D*f,D*g,) = lim (=1)*(D* [, g.n)
m—0o0 m—0o0

= (=)D f,9) = (=1)*G,(D*f)
— (_1>kD2ng(f)
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it f € C%, using integration by parts and the definition of the derivative of
a distribution. Therefore

F= Z <_1)kD2kG9k7

k<M

which gives our result if we let L = 2M, set g; = 0 if j is odd, and set
gox = (—=1)*g. O

8.4 Tempered distributions

Let S be the class of complex-valued C* functions u such that |29 D*u(x)| —
0 as |x] = oo for all k> 0 and all j > 1. S is called the Schwartz class. An
example of an element in the Schwartz class that is not in C is e’

Define '
Jullj, = sup |z’ | D u(z)].
zeR

We say u,, € S converges to u € S in the sense of the Schwartz class if
|, — ul|j — 0 for all 7, k.

A continuous linear functional on § is a function F' : & — C such that
F(f+g9) =F(f)+ F(g)if f,g €S, Flcf) =cF(f)if f € S and ¢ € C,
and F(f,) — F(f) whenever f,, — f in the sense of the Schwartz class. A
tempered distribution is a continuous linear functional on §.

Since C C § and f,, — f in the sense of the Schwartz class whenever
fn — [ in the sense of C3°, then any continuous linear functional on § is also
a continuous linear functional on C%. Therefore every tempered distribution
is a distribution.

Any distribution with compact support is a tempered distribution. If g
grows slower than some power of |z| as || — oo, then G, is a tempered
distribution, where G,(f) = [ f(x)g(z) dz.

For f € S, recall that we defined the Fourier transform Ff = fby

flu) = [ e da.
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Theorem 8.17 F is a continuous map from S into S.

Proof. For elements of S, D*(Ff) = F((ix)*)f). If f € S, |2 f(z)] tends
to zero faster than any power of |z|™!, so ¥ f(x) € L'. This implies D*F f
is a continuous function, and hence Ff € C*.

By an exercise,
W DM(Ff)(u) = " F (DY (2" ) (w). (8.5)

Using the product rule, D’(z*f) is in L'. Hence w D*F f(u) is continuous
and bounded. This implies that every derivative of F f(u) goes to zero faster
than any power of |u|~!. Therefore Ff € S.

Finally, if f,, — f in the sense of the Schwartz class, it follows by the
dominated convergence theorem that F(f,,)(u) — F(f)(u) uniformly over
u € R and moreover |ul*DI(F(f,)) — |ul*DI(F(f)) uniformly over R for
each 7 and k. |

If F'is a tempered distribution, define FF' by

for all f € §. We verify that FG, = G5 if g € S as follows:
AP = [ Faygle) ds

= [ [ st iy = [ st ay

= Gy(f)

Il
C)

F(Go)(f)

if fes.

Note that for the above equations to work, we used the fact that F maps
S into §. Of course, F does not map C¥ into CF. That is why we de-
fine the Fourier transform only for tempered distributions rather than all
distributions.

Theorem 8.18 F is an invertible map on the class of tempered distributions
and F~' = (2m)Y2FR. Moreover F and R commute.
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Proof. We know
f(x) = (2m) 12 / Flewe™du,  fes.

so f = (2m)"V2FRFf, and hence FRF = (27)'/21, where I is the identity.
Then if H is a tempered distribution,
(2m)V2FRFH(f) = RFH((2n)Y2F f) = FH((2r) /?RFf)
= H((2r)""?FRF[) = H(f).
Thus
(2m) Y2 FRFH = H,

or

(2m)V2FRF = 1.

We conclude A = (27)"Y2FR is a left inverse of F and B = (27)"'/2RF is
a right inverse of 7. Hence B = (AF)B = A(FB) = A, or F has an inverse,
namely, (27)"2F R, and moreover RF = FR. O



Chapter 9

Banach algebras

9.1 Normed algebras

An algebra is a linear space over + and a ring over -. We assume there is
an identity for the multiplication, which we call I. Our algebras will be over
the scalar field C; the reasons will be very apparent shortly.

An algebra is a normed algebra if the linear space is normed and | NM || <
IN||||M]|| and [[I|| = 1. If the normed algebra is complete, it is called a
Banach algebra.

One example is to let £ = L(X, X), the set of linear maps from X into
X. Another is to let £ be the collection of bounded continuous functions on
some set. A third example is to let £ be the collection of bounded functions
that are analytic in the unit disk.

An element M of L is invertible if there exists N € £ such that NM =
MN = 1.

M has a left inverse A if AM = I and a right inverse B if MB = 1. If it
has both, then B = AMB = A, and so M is invertible.

Proposition 9.1 (1) If M and K are invertible, then
(MK)' =K M~

(2) If M and K commute and MK is invertible, then M and K are

93
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invertible.

Proof. (1) is easy. For (2),let N = (MK)™'. Then MKN = 1,50 KN is a
right inverse for M. Also, = NMK = NKM, so NK is a left inverse for
M. Since M has a left and right inverse, it is invertible. The argument for
K is similar. O

Proposition 9.2 If K is invertible, then so is L = K — A provided ||A]| <
/I

Proof. First we suppose K = I. If || B|| < 1, then

| > B| <> 1B <Y 1B

is a Cauchy sequence, so S = > 7 B’ converges.We see BS = > ° B' =
S —1,s0 (I —B)S=1. Similarly S({ — B) = I.

For the general case, write K — A = K(I — K~'A), and let B = KA.
Then || B]| < K~ |All < 1, and

(K-A)'=UT—-K''A) 'K

We note for future reference the equation
(I-B)"'=> B (9.1)
i=0

The resolvent set of M, p(M), is the set of A € C such that A\ — M is
invertible. The spectrum of M, o(M), is the set of A for which A\I — M is
not invertible. We frequently write A — M for A\I — M. We will also use R)
for (A — M)~

Let F': G — X, where G C C, and write F, for F(z). F, is strongly
analytic if

. Fz+h - Fz
lim ——————=
h—0 h
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exists in the norm topology for all z € G, that is, there exists an element F”
such that the norm of (F,,, — F,)/h — F! tends to 0 as h — 0.

One can check that much of complex analysis can be extended to strongly
analytic functions. There are two approaches one could follow to show this.
One is to recall that much of complex analysis is derived from Cauchy’s
theorem, and that in turn is based on the fact that [, czdz =0and [, cdz =
0 when C' is the boundary of a rectangle. If we replace ¢ by M € L, the same
argument goes through.

The other argument is that if ¢ is a bounded linear functional on £, then
f(2) = £(F.) is analytic in the usual sense, and by Riemann sum approxima-
tions one can show that

€</0de2> :/CE(FZ)dz:O

for suitable closed curves C. This is true for every ¢, and so [ o F.dz=0.
Many of the other theorems of complex analysis can be proved in a similar
way.

Proposition 9.3 (1) p(M) is open in C.
(2) (z — M)~' is an analytic function of z in p(M).

Proof. If A € p(M), letting K = A\[—M and A = —hl, K— A= (A+h)—M

is invertible if |n| = [|A|l < 1/[[K~'||, which happens if h is small. So
A+ hep(M).

For (2),

A= M +hI=(\— M)I+hRy),
and so
(A — M + hI)" (Z hl>()\—M)*1
=0

Therefore

o0

(A+h) = M) =3 (=1)"(A - M“hn—(z hRA>

n=0
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for h small. So the resolvent can be expanded in a power series in h which
is valid if |h| < |[[(A — M)7Y|~. We then have

HR,\+h — Ry (—R2)

h

as h — 0. |

‘—>0

We write

r(M) = sup [A],
A€o (M)

and call this the spectral radius of M.

Theorem 9.4 o(M) is closed, bounded, and nonempty.

Proof. p(M) is open, so o(M) is closed.

(2 =M)" =T =Mzt =) M

n=0

converges if ||z7'M]|| < 1, or equivalently, |z| > ||M]||. Therefore, if |z| >
| M]|, then z € p(M). Hence the spectrum is contained in By (0).

Suppose o(M) is empty. For z > || M|| we have
R.=(-M)'=zYI-2"M)"

Let ¢ be any bounded linear functional on £. We conclude that f(z) = ¢(R.)
is analytic and f(z) = ¢(R,) — 0 as |z| — c©.

We thus know that f is analytic on C, i.e., it is an entire function, and
that f(z) tends to 0 as |z| — oo. Therefore f is a bounded entire function.
By Liouville’s theorem from complex analysis, f must be constant. Since f
tends to 0 as |z| tends to infinity, that constant must be 0. This holds for all
¢, so R, must be equal to 0 for all z. But then we have I = (z — M)R, = 0,
a contradiction. |

A key result is the spectral radius formula. First we need a consequence
of the uniform boundedness principle.
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Lemma 9.5 If B is a Banach space and {x,} a subset of B such that
sup,, | f(z,)| is finite for each bounded linear functional f, then sup, ||z,||
is finite.

Proof. For each x € B, define a linear functional L, on B*, the dual space
of B, by

L.(f) = f(x), fenB.
We already have shown that ||L.| = || f]|-

Since sup,, | L., (f)| = sup,, | f(x,)| is finite for each f € B*, by the uniform
boundedness principle,
sup || Lz, || < 0.

Since || Ly, || = ||#n||, we obtain our result. o

Theorem 9.6 (Spectral radius formula)

(M) = lim || M¥|[V*,
k—o0

Proof. Fix k for the moment. If we write n = kq + r,

1M = 1M [ME]]
HZ o1 Z 2t = Z 2]+ Z <|ZT) '

So 3= M™|z|™"~t converges absolutely if ||M*||/|z|¥ < 1, or if |z| > || MF*||*/*.
If |z| > || M*||*/*, then z € p(M). Hence if A € o(M), then |\| < || MF*||V/k.
This is true for all k, so 7(M) < liminfy_,, || M*|Y/%.

For the other direction, if z € C with |z| < 1/r(M), then |1/z| > r(M),
and thus 1/z ¢ (M) by the definition of r(M). Hence [ —2M = z(z~'I—M)
if invertible if z # 0. Clearly I — zM is invertible when z = 0 as well.

Suppose £ a linear functional on £. The function F(z) = ¢((I — zM)™)
is analytic in B(0,1/r(M)) € C. We know from complex analysis that a
function has a Taylor series that converges absolutely in any disk on which

the function is analytic. Therefore F' has a Taylor series which converges
absolutely at each point of B(0,1/r(M)).
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Let us identify the coefficients of the Taylor series. If |z| < 1/||M]|, then
we see that

F(z) = e( i z”M”) - iE(M")z". (9.2)

n=0

Therefore F™(0) = nlé(M™), where F™ is the n'* derivative of F. We
conclude that the Taylor series for F' in B(0,1/r(M)) is

F(z) =Y £(M™)z". (9.3)

The difference between (9.2) and (9.3) is that the former is valid in the ball
B(0,1/||M]|) while the latter is valid in B(0, 1/r(M)).

We conclude from this that
> ez M
n=0

converges absolutely for z in the ball B(0,1/r(M)), and consequently

lim [(z"M"™)] =0

n—o0

if |z| < 1/r(M). By Lemma 9.5 there exists a real number K such that

sup ||2"M"|| < K

for all n > 1 and all z € B(0,1/r(M)). This implies that
[ |a | < K

and hence
|| lim sup || M"Y < 1

n—0o0

if |z| < 1/r(M). Thus

lim sup [|M"]|V* < r(M),

n—o0

which completes the proof. |
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We say A is an eigenvalue for M with associated eigenvector x # 0 if
Mz = Ax. Note that not every element of o(M) is an eigenvalue of M. For
example, if M : /2 — (2 is defined by

M(I’l,fﬂg, .. ) = ($1,.’L’2/2,£L’3/4, .. .),

then 1,1/2,1/4, ... are eigenvalues. Since the spectrum is closed, then 0 €
(M), but 0 is not an eigenvalue for M.

9.2 Functional calculus

We can define p(M) = >  a;M" for any polynomial p. Suppose f(z) =
Z;io a;z’ is an analytic function with radius of convergence R. If r(M) < R,
then there exists 7(M) < S < R, and for j sufficiently large, ||[M7] < S7.

Since
n n n
| > e = > it < Y Jagls?
j=m+1 j=m+1

Jj=m+1
for m and n large enough and Y |a;] S7 converges (since S is less than the
radius of convergence for f), then we can define f(M) for for any analytic
function whose power series’ radius of convergence is larger than the spectral

radius of M as the limit of the polynomials > 7_ja;M/.

Let G be a domain containing (M), f analytic in G, C' a closed curve in
G N p(M) whose winding number is 1 about each point in (M) and 0 about
each point of G¢. Define

100 = 5 [ (=207 e

By Cauchy’s theorem, this is independent of the contour chosen.

Theorem 9.7 (1) If f is a polynomial, the two definitions agree.

(2) Suppose f and g are analytic functions defined on a ball containing
B(0,r(M)). Then f(M)g(M) = (fg)(M).
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Proof. (1) Take a c larger than r(M) and let C' = {|z| = ¢}. Expanding
(z — M)~! in a power series, which is valid if |z| = ¢, we have

o0

1 1 . .
— [ (z—=M)'"dz = — M”/z”‘ﬂ_ldz:M".
c

271 271

(2) The radius of convergence of fg is at least as large as the smaller of the
radii of convergence of f and g, and hence is larger than r(M). (2) follows
easily by approximating f and g by polynomials. O

Here is the spectral mapping theorem for polynomials.

Theorem 9.8 Suppose A is a bounded linear operator and P is a polynomial.

Then o(P(A)) = P(o(A)).

By P(c(A)) we mean the set {P(\) : A € o(A)}.

Proof. We first suppose A € o(P(A)) and prove that A € P(c(A)). Factor
A—Px)=clr—ay) - (x—ay).

Since A € o(P(A)), then A — P(A) is not invertible, and therefore for at least
one ¢ we must have that A — q; is not invertible. That means that a; € o(A).
Since a; is a root of the equation A — P(x) = 0, then A = P(a;), which means
that A € P(o(A)).

Now suppose A € P(c(A)). Then A = P(a) for some a € o(A). We can
write

P(x) = z”: bzt
i=0

for some coefficients b;, and then
P(x) = P(a) =Y bz’ —a') = (z — a)Q(x)
i=1

for some polynomial @, since z — a divides 2° — a’ for each ¢ > 1. We then

have
P(A) = A= P(A) — P(a) = (A—a)Q(A).
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If P(A) — X\ were invertible, then by an earlier lemma we would have that
A —a is invertible, a contradiction. Therefore P(A) — A is not invertible, i.e.,
A€ a(P(A)). O

9.3 Commutative Banach algebras

We look at commutative Banach algebras with a unit. Commutative means
MN = NM for all M;N € L.

p is a multiplicative functional on L if p is a homomorphism from £ into

C.

Proposition 9.9 Fvery homomorphism is a contraction.

Proof. M = IM, so p(M) = p(IM) = p(I)p(M), or p(I) = 1. If K is
invertible,
p(E)p(K™Y) = p(KK™") = p(I) =1,

so p(K) # 0. Suppose |p(M)| > ||M|| for some M. Then if B = M /p(M),
we have ||B|| < 1, so K = I — B is invertible. But

p(K) =p(I) —p(M/p(M))=1-1=0,

a contradiction.

Our goal in this section is to show that if p(K) # 0 for all homomorphisms,
then K is invertible.

Z C L is an ideal if 7 is a linear subspace, Z # {0}, and if M € £ and
J €I, then MJ €Z. T is a proper ideal if T # L.

As an example, let £L=C(S5),let r € S, and let Z = {f : f(r) = 0}.

If I € Z,then T = L. If 7 contains an invertible element, then Z contains
the identity, and hence equals L.

Lemma 9.10 Let g be a homomorphism from L onto A, but where q is not
an isomorphism and q(L) # 0. Then
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(1){K € L:q(K) =0} is a proper ideal. (This set is called the kernel of
q.)

(2) If T is a proper ideal, then T is the kernel of some non-trivial homo-
morphism.

Proof. (1) is easy. For (2), let A= L/Z. Let ¢ map M into the equivalence
class containing M. Then the kernel of ¢ is Z. O

Proposition 9.11 If K € L, K # 0, and K not invertible, then K lies in
some proper ideal.

Proof. Look at KL = {KM : M € L}. Note KL does not contain the
identity. O

Lemma 9.12 FEvery proper ideal is contained in a maximal proper ideal.

Proof. Let J be a proper ideal. Order the set of proper ideals that contain
J by inclusion. The union of a totally ordered subcollection will be an
upper bound. (Note that if I ¢ Z, for all «, then I ¢ U,Z,.) Then use
Zorn’s lemma to find a maximal element of this collection. This element will
be in the collection, and hence will be a proper ideal containing 7. O

A division algebra is one where every nonzero element is invertible.

Proposition 9.13 If M is a mazimal proper ideal of L, then A= L/ M is
a division algebra.

Proof. Suppose C € A, C' # 0, and C' is not invertible. Then J = CA =
{CM : M € A} is a proper ideal contained in A. Let ¢ : L — L/ M = A
be the usual map. R = ¢~ (J) is easily checked to be a proper ideal in L.
If M € M, then ¢(M) = 0. So M = ¢ ({0}) is contained in R = ¢~ (7).
M is a proper subset of R because J # {0}. This contradicts that M is
maximal. O
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Lemma 9.14 The closure of a proper ideal is a proper ideal.

Proof. The only thing to prove is that I ¢ Z. We know I ¢ Z, and so if
N € B(1,1), the ball of radius 1 about I, then N is invertible, and hence
not in Z. So B(I,1) is an open set about I that is disjoint from Z. Therefore
I1¢7T. m

Lemma 9.15 If M is a maximal proper ideal, then M 1is closed.

Proof. If not, M is a proper ideal strictly larger than M. |

Lemma 9.16 IfZ is a closed ideal in L, then L/Z is a Banach algebra.

Proposition 9.17 If A is a Banach algebra with unit that is a division
algebra, then A is isomorphic to C.

Proof. If K € A, there exists k € 0(K). So kI — K is not invertible. There-
fore kI — K =0, or K = kI. The map K — & is the desired isomorphism.
O

Theorem 9.18 K € L is invertible if and only if p(K) # 0 for all homo-
morphisms p of L into C.

Proof. Suppose K is not invertible. K is in some maximal proper ideal M.
Then M is closed, £/M is a division algebra, and is isomorphic to C.
p:L—>L/M—C

is a homomorphism onto C, and its null space is M. Since K € M, then
p(K) =0. O
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9.4 Absolutely convergent Fourier series

Let £ be the set of continuous functions from the unit circle St to the complex
functions such that f(0) = > ¢,e™ with Y |e,| < oo. We let the norm of f
be > |enl.

We check that L is a Banach algebra. To do that, we use the fact that the
Fourier coefficients for fg are the convolution of those for f and those for g,
and that the convolution of two ¢! functions is in ¢!, so fg € £. Here is the
verification. If f has Fourier coefficients a,, and g has Fourier coefficients b,,,

let
Cp — Z ajbn—j-
J

Then to see that ¢, are the Fourier coefficients of fg, write

Z Cnein:v _ Z Z ajbn_jei(n—j)aieijx
n n i
=3 S e = f(a)gla),
kg
To see that the norm of fg is less than or equal to the norm of f times the
norm of g,
Doleal <D0 agllbasl =D > lajlbl-
n n J k J
If we S set py,(f) = f(w). p, is a homomorphism from £ to C.

Proposition 9.19 If p is a homomorphism from L to C, then there exists
w such that p(f) = f(w) for all f € L.
Proof. p(I) =1 and |p(M)| < ||M]|, so p has norm 1. Then

pe”) <1, Ip(e™) <1,

and
1=p(1) = p(e”)p(e™™).

We must have |p(e??)| = 1, or we would have inequality in the above.
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Therefore there exists w such that p(e®?) = €. Since p is a homomor-
phism, by induction p(e™?) = ¢, By linearity,

N N

p( Z Cneiné') _ Z cnemw‘

n:—N n:—N

If f € L, since p is continuous and Y |¢,| < oo, we have p(f) = f(w). O

Theorem 9.20 Suppose f has an absolutely convergent Fourier series and f
is never 0 on S*. Then 1/ f also has an absolutely convergent Fourier series.

Proof. If p is a homomorphism on £, then p(f) = f(w) for some w. Since
f is never 0, p(f) # 0 for all non-trivial homomorphisms p. This implies f
is invertible in L. |
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Chapter 10

Compact maps

10.1 Basic properties

A subset S is precompact if S is compact. Recall that if A is a subset of
a metric space, A is precompact if and only if every sequence in A has a
subsequence which converges in A. Also, A is compact if and only if A is
complete and totally bounded. Write B; for the unit ball in X.

A map K from a Banach space X to a Banach space U is compact if
K(By) is precompact in U.

One example is if K is degenerate, so that Ry is finite dimensional. The
identity on £? is not compact.

The following facts are easy:

(1) If Cy, Cy are precompact subsets of a Banach space, then Cy + Cs is
precompact.

(2) If C is precompact, so is the convex hull of C.

(3) If M : X — U and C is precompact in X, then M (C) is precompact
in U.

Proposition 10.1 (1) If Ky and Ky are compact maps, so is kK; + K.

(2) If XUy where M is bounded and L is compact, then ML is
compact.

107



108 CHAPTER 10. COMPACT MAPS

(3) In the same situation as (2), if L is bounded and M is compact, then
ML is compact.

(4) If K, are compact maps and lim ||K,, — K| =0, then K is compact.

Proof. (1) For the sum, (K; + K3)(B;) C Ki(B;) + Ky(B), and the
multiplication by k£ is similar.

(2) M L(B;) will be compact because L(Bj) is compact and M is contin-
uous.

(3) L(B;) will be contained in some ball, so M L(B;) is precompact.

(4) Let € > 0. Choose n such that | K,, — K|| < e. K, (B;) can be covered
by finitely many balls of radius €, so K(Bj) is covered by the set of balls
with the same centers and radius 2¢. Therefore K (B;) is totally bounded. o

We can use (4) to give a more complicated example of a compact operator.
Let X = U = (2 and define

K(al,ag,...,) = (a1/2,a2/22,a3/23,...).
It is the limit in norm of K,,, where

K,(ay,as,...) = (a1/2,a2/2%, ..., a,/2",0,...).

Note that any bounded operator K on ¢2 maps B, into a set of the form
[—M, M]N. By Tychonoff, this is compact in the product topology. However
it is not necessarily compact in the topology of the space ¢2.

Proposition 10.2 If X and Y are Banach spaces and K : X — Y s com-
pact and Z is a closed subspace of X, then the map K |z is compact.

Let A be a bounded linear operator on a Banach space. If z is a complex
number and [ is the identity operator, then zI — A is a bounded linear op-
erator on H which might or might not be invertible. We define the spectrum
of A by

0(A) ={z € C: zI — A is not invertible}.

We sometimes write 2 — A for zI — A. The resolvent set for A is the set of
complex numbers z such that z — A is invertible. A non-zero element z is an
eigenvector for A with corresponding eigenvalue X\ if Az = Az.
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10.2 Compact symmetric operators

If A is a bounded operator on H, a Hilbert space over the complex numbers,
the adjoint of A, denoted A*, is the operator on H such that (Ax,y) =
(x, A*y) for all x and y.

It follows from the definition that the adjoint of cA is ¢A* and the adjoint
of A™is (A*)". If P(z) = 3°7_ga;o’ is a polynomial, the adjoint of P(A) =
> o a; A7 will be

n

P(A") =) a;P(A").

J=0

The adjoint operator always exists.

Proposition 10.3 If A is a bounded operator on H, there exists a unique
operator A* such that (Ax,y) = (x, A*y) for all x and y.

Proof. Fix y for the moment. The function f(z) = (Az,y) is a linear
functional on H. By the Riesz representation theorem for Hilbert spaces,
there exists z, such that (Az,y) = (z, 2,) for all z. Since

<$? Zy1+y2> = <A£L’,y1 + y2> = <A$,y1> + <A.I’,y2> = <$,Zy1> + <ZL‘7Zy2>
for all z, then 2y, +,, = 2,, +2,, and similarly z., = cz,. If we define A*y = z,,
this will be the operator we seek.

If Ay and Ay are two operators such that (z, A1y) = (Ax,y) = (z, Asy)
for all  and y, then Ay = Ay for all y, so A; = A,. Thus the uniqueness
assertion is proved. O

A bounded linear operator A mapping H into H is called symmetric if
(Az,y) = (z, Ay) (10.1)

for all x and y in H. Other names for symmetric are Hermitian or self-
adjoint. ~ When A is symmetric, then A* = A, which explains the name
“self-adjoint.”
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Example 10.4 For an example of a symmetric bounded linear operator, let
(X, A, 1) be a measure space with u a o-finite measure, let H = L?(X), and
let F(x,y) be a jointly measurable function from X x X into C such that

F(y,z) = F(z,y) and
[ [ Pl uo) utdy) < o (102)
Define A : H — H by
Af@) = [ Flay) (o) nldy). (103)
You can check that A is a bounded symmetric operator.
Here is an example of a compact symmetric operator.

Example 10.5 Let H = L%([0,1]) and let F' : [0,1]*> — R be a continuous
function with F(x,y) = F(y,x) for all z and y. Define K : H — H by

Kf(z) = / Fe,y)f(y) dy.

We discussed in Example 10.4 the fact that K is a bounded symmetric op-
erator. Let us show that it is compact.

If f € L2([0,1]) with ||f]| < 1, then
K1) = K6 = | [ 1P = Fa )i dy

< ([ 1 - F e ) s

using the Cauchy-Schwarz inequality. Since F' is continuous on [0, 1]?, which
is a compact set, then it is uniformly continuous there. Let £ > 0. There
exists 0 such that

sup sup |F(z,y) — Fla',y)] < e
lz—2/|<6 Y

Hence if |z — 2| < 9, then |K f(z) — K f(2')| < ¢ for every f with ||f] < 1.
In other words, {Kf : ||f|| < 1} is an equicontinuous family.
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Since F'is continuous, it is bounded, say by /N, and therefore

K () < / NIf()ldy < N|f].

again using the Cauchy-Schwarz inequality. If K f,, is a sequence in K(By),
then { K f,} is a bounded equicontinuous family of functions on [0, 1], and by
the Ascoli-Arzela theorem, there is a subsequence which converges uniformly
on [0,1]. It follows that this subsequence also converges with respect to the
L? norm. Since every sequence in K (B;) has a subsequence which converges,
the closure of K(Bj) is compact. Thus K is a compact operator.

We have the following proposition.

Proposition 10.6 Suppose A is a bounded symmetric operator.

(1) (Azx,x) is real for all x € H.
(2) The function x — (Az,z) is not identically 0 unless A = 0.

(3) 1Al = supyjp= [(Az, z)].

Proof. (1) This one is easy since

(Az, x) = (x, Az) = (Ax, x),

where we use Z for the complex conjugate of z.

(2) If (Az,z) =0 for all z, then

0= (A(z +y),z +y) = (Az,z) + (Ay,y) + (Az,y) + (Ay, x)
= (Az,y) + (y, Ar) = (Az,y) + (Az,y).

Hence Re (Azx,y) = 0. Replacing = by iz and using linearity,
Im ((Az,y)) = —Re (i(Az,y)) = —Re ((A(iz),y)) = 0.

Therefore (Az,y) = 0 for all z and y. We conclude Az = 0 for all z, and
thus A = 0.

(3) Let 8 = supy, =1 [{Az, z)|. By the Cauchy-Schwarz inequality,

(A, 2)| < [|Az] [lz]] < [IA]l ][],
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so B < [|A]l.
To get the other direction, let ||z|| = 1 and let y € H such that ||y|| =1
and (y, Az) is real. Then
(y, Az) = 1((z +y, Az +y)) — (2 —y, Az — y)))-
We used that (y, Az) = (Ay, x) = (Ax,y) = (x, Ay) since (y, Az) is real and
A is symmetric. Then
16|(y, Az)[* < B*(lle + ylI* + [lo — ylI*)?
= 45%([lz* + [ly[I*)*
= 16432
We used the parallelogram law (equation (4.1)) in the first equality. We
conclude [{y, Az)| < p.
If |ly|| = 1 but {(y, Ax) = re? is not real, let 3/ = e~y and apply the
above with 1 instead of y. We then have

{y, Az)| = [(y, Az)| < B.

Setting y = Ax/||Az||, we have ||Az|| < . Taking the supremum over x
with ||z|| = 1, we conclude ||A|| < S. m

If (Az,xz) > 0 for all z, we say A is positive, and write A > 0. Writing
A < Bmeans B—A > 0. For matrices, one uses the words “positive definite.”

Now suppose A is compact.

Proposition 10.7 If z,—, then Azx,—.

Proof. If z,——z, then Ax,—Ax, since (Az,,y) = (z,, Ay) — (z, Ay) =
(Az,y). If x, converges weakly, then ||z,|| is bounded so Az, lies in a
precompact set.

Any subsequence of Az, has a further subsequence which converges strong-
ly. The limit must be Az. |

We will use the following easy lemma repeatedly.
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Lemma 10.8 If K is a compact operator and {x,} is a sequence with ||x,|| <
1 for each n, then {Kx,} has a convergent subsequence.

Proof. Since ||z,| <1, then {jz,} C By. Hence {iKz,} = {K(3z,)} is a
sequence contained in K (Bj), a compact set and therefore has a convergent
subsequence. O

We now prove the spectral theorem for compact symmetric operators.

Theorem 10.9 Suppose H is a separable Hilbert space over the complex
numbers and K is a compact symmetric linear operator. There exist a se-
quence {z,} in H and a sequence {\,} in R such that

(1) {zn} is an orthonormal basis for H,

(2) each z, is an eigenvector with eigenvalue X, that is, Kz, = A\, zp,

(8) for each X\, # 0, the dimension of the linear space {x € H : Kx = \,x}
18 finite,

(4) the only limit point, if any, of {\,} is 0; if there are infinitely many
distinct eigenvalues, then 0 is a limit point of {\,}.

Note that part of the assertion of the theorem is that the eigenvalues are
real. (3) is usually phrased as saying the non-zero eigenvalues have finite
multiplicity.

Proof. If K = 0, any orthonormal basis will do for {z,} and all the A,
are zero, so we suppose K # 0. We first show that the eigenvalues are real,
that eigenvectors corresponding to distinct eigenvalues are orthogonal, the
multiplicity of non-zero eigenvalues is finite, and that 0 is the only limit point
of the set of eigenvalues. We then show how to sequentially construct a set
of eigenvectors and that this construction yields a basis.

If )\, is an eigenvalue corresponding to a eigenvector z, # 0, we see that

)\n<zn72n> - <)\nzn7 Zn> = <K2n,2n> = <Zn7KZn>

= <Zn7 )\nzn> = Xn<Zn7 Zn>7

which proves that A, is real.
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If A, # A\, are two distinct eigenvalues corresponding to the eigenvectors
z, and z,,, we observe that

)\n<zn7 Zm> = <)\7LZTLJ Zm) = <szzm> = <Zn; sz>
= <Zn7 )\mzm> = >\m<zna Zm>7
using that A, is real. Since \,, # \,,, we conclude (z,, z,,) = 0.

Suppose A, # 0 and that there are infinitely many orthonormal vectors
xp such that Kx, = A\, x,. Then

oy — o |° = (x — xj, 20 — 25) = [Jawl]® — 2(zp, 25) + [J2;]]* = 2

if 7 # k. But then no subsequence of A,z = Kx; can converge, a contradic-
tion to Lemma 10.8. Therefore the multiplicity of A, is finite.

Suppose we have a sequence of distinct non-zero eigenvalues converging to
a real number \ # 0 and a corresponding sequence of eigenvectors each with
norm one. Since K is compact, there is a subsequence {n;} such that Kz,,
converges to a point in H, say w. Then

1 1
an = )\—anZn] — XU),
or {zy,} is an orthonormal sequence of vectors converging to Alw. But as
in the preceding paragraph, we cannot have such a sequence.

Since {\,} € B(0,r(K)), a bounded subset of the complex plane, if the
set {\,} is infinite, there will be a subsequence which converges. By the
preceding paragraph, 0 must be a limit point of the subsequence.

We now turn to constructing eigenvectors. By Lemma 10.6(3), we have
£ = sup [{Kz, )|

We claim the maximum is attained. If sup|, _; (Kz,z) = [|K]||, let A = [| K|];
otherwise let A = —||K||. Choose z, with ||z,|| = 1 such that (Kx,,z,)
converges to A. There exists a subsequence {n;} such that K, converges,
say to z. Since A # 0, then z # 0, for otherwise A = lim;_,c (K2y,;, Z,,) = 0.
Now

(5 = A2 = lim [[(K = AD K ||

IA

IE1* Jim ([ (K = ML), ||
j—o0
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and

2 2 2 2
(K = A, || = | K2, |7+ A2, |7 = 2M 2, K2y,)
< KP4+ X = 22Xz, Kap,)
=S A2 AT 202 =0.

Therefore (K — Al)z = 0, or z is an eigenvector for K with corresponding
eigenvalue \.

Suppose we have found eigenvalues zq, 29,...,2,. Let X, be the linear
subspace spanned by {z,...,2,} and let Y = X be the orthogonal com-
plement of X,,, that is, the set of all vectors orthogonal to every vector in
X,. If z €Y and k < n, then

(Kz,z) = (v, Kzp,) = Xk@c,zk} =0,

or Kz € Y. Hence K maps Y into Y. It is an exercise to show that K|y is
a compact symmetric operator. If Y is non-zero, we can then look at Kly,
and find a new eigenvector z,1.

It remains to prove that the set of eigenvectors forms a basis. Suppose y
is orthogonal to every eigenvector. Then

(Ky, zr) = (y, K2x) = (y, \ezx) = 0

if 2, is an eigenvector with eigenvalue \;, so Ky is also orthogonal to every
eigenvector. Suppose X is the closure of the linear subspace spanned by {z},
Y = X+ and Y # {0}. If y € Y, then (Ky,z,) = 0 for each eigenvector
2k, hence (Ky,z) = 0 for every z € X, or K : Y — Y. Thus Kly is
a compact symmetric operator, and by the argument already given, there
exists an eigenvector for K|y. This is a contradiction since Y is orthogonal
to every eigenvector. O

Remark 10.10 If {z,} is an orthonormal basis of eigenvectors for K with
corresponding eigenvalues \,, let E, be the projection onto the subspace
spanned by z,, that is, E,z = (x,2,)z,. A vector x can be written as
Y on @, 2n) 2, thus Ko = )" A (x, 2,)2,. We can then write

K = Z ME,.
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For general bounded symmetric operators there is a related expansion where
the sum gets replaced by an integral, which we’ll do later on.

Remark 10.11 If z, is an eigenvector for K with corresponding eigenvalue
An, then Kz, = A\, z,, so

K?2, = K(Kz,) = K(Az) = MKz = (M) 20
More generally, K7z, = (\,)’z,. Using the notation of Remark 10.10, we

can write . .
K=Y (A)E,.

n

If @ is any polynomial, we can then use linearity to write
QK) = 3" Q) E..

It is a small step from here to make the definition
) = 3 FO) En

for any bounded and Borel measurable function f.

If oy >a9>--->0and Az, = a,z,, then our construction shows that

(Az, )
ay = max )
xlzi,2N—1 ||Z16’||2

This is known as the Rayleigh principle.

Let <A >
X,
Ra(z) = L5000

A7) = T

Proposition 10.12 Let A be compact and symmetric and let oy, be the non-
negative eigenvalues with oy > g > ---. Then

(1) (Fisher’s principle)

oy = max min Ry (x
SN xTESN ( )7
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where the maximum is over all linear subspaces Sy of dimension N.

(2) (Courant’s principle)

ay = min max Ra(z),
Sny_1xzlSn_1

where the minimum is over all linear subspaces of dimension N — 1.

Proof. Let zy,..., 2y be eigenvectors with corresponding eigenvalues ay >
ay > --+ > ay. Let Ty be the linear subspace spanned by {z1,...,2x}. If

y € Ty, we have y = Z;VZI c;zj for some complex numbers ¢; and then

(Ay,y) Z Z ci¢j(Az;, zj) Z Z cicia (%, 2)

=1 j5=1

= el =) leilPay
7 )

= (¥, y)

using the fact that the z; are orthogonal by our construction.

(1) Let z be the eigenvectors. Let Sy be a subspace of dimension N.
There exists y € Sy such that (y,z;) =0 for k=1,..., N — 1. Since

ay = max Ryu(z),
xlzi,...2N_1

then y is one of the vectors over which the max is being taken, so R4(y) < ay
for this y. So mingeg, Ra(x) < ap. This is true for all spaces of dimension
N. So the right hand side is less than or equal to ay.

Now we show the right hand side is greater than or equal to ay. Let Sy be
the linear span of {21, ..., zy}. By the first paragraph of the proof, Ra(z) >
ay for every x € Sy, and Ra(z) = any when & = zy. So minges, Ra(z) =
ay. The maximum over all subspaces of dimension N will be larger than the
value for this particular subspace, so the right hand side is at least as large
as ay.

(2) Let Sy_1 be a subspace of dimension N — 1 and let Ty be the span
of {z1,...,2n}. Since the dimension of Ty is larger than that of Sy_j,
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there must be a vector y € Tx perpendicular to Sy_;1. Since y € Ty, then
Ra(y) > an by the first paragraph of this proof, so

max Ra(x) > Ra(y) > an.

xlSNn_1

Taking the minimum over all spaces Sy_; shows that right hand side is
greater than or equal to ay.

If v L Ty, thenz =37\ | ¢z, and then

(Az,x) = Z Z cjcki (25, 2k)

=N k=N
(o) oo

= oyl <an Y gl
j=N j=N

= ay(z, )

Therefore Ra(x) < ay. This leads to

i < <
B, Fal) = px Ralo) < e,

since Ty_1 is a particular subspace of dimension N — 1. O

Proposition 10.13 Suppose A < B with eigenvalues oy, By, resp., ordered
to be decreasing. Then oy < By for all k.

Proof. A < B implies (Az,z) < (Bz,x), so Ra(x) < Rp(z). Now use
either Fisher’s or Courant’s principle. O

10.3 Mercer’s theorem

We will need to use Dini’s theorem from analysis.

Proposition 10.14 Suppose g, are continuous functions on [0, 1] with g,(x)
< gne1(x) for each n and x and goo(x) = lim,, o gn(x) is continuous. Then
gn converges to g uniformly.
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Proof. Let f, = goo — gn, so the f, are continuous and decrease to 0.
Let ¢ > 0. If G,(z) = {z € [0,1] : fu(z) < €}, then G, is an open set
(with respect to the relative topology on [0, 1]), since f,, is continuous. Since
fn(x) — 0, each = will be in some G,,. Thus {G,} is an open cover for [0, 1].

Let Gy, ..., Gy, be a finite subcover. If n > max(ny,...,n,,) and z € [0, 1],
then x is in some Gy, and f,(z) < f,,(z) < e. Thus the convergence is
uniform. |

Define K : L*0, 1] — L?[0, 1] by

Ku(z) = / K (. y)uly) dy.

K* has kernel K (y, ).

Suppose K is continuous, symmetric, and real-valued. Then K is compact,
as we showed before. Therefore there exists a complete orthonormal system
{e;} of eigenvectors. Let k; be the eigenvalue corresponding to e;. K : L? —
Cl0,1], so e; = /ﬁ}lKej is continuous if x; # 0.

Theorem 10.15 (Mercer) Suppose K is real-valued, symmetric, and con-
tinuous. Suppose K is positive: (Ku,u) >0 for allu € H. Then

K(x,y) = Z Kjej(w)e;(y),

and the series converges uniformly and absolutely.

An example is to let K = P,, the transition density of absorbing or re-
flecting Brownian motion.

Proof. First we observe that the x; are non-negative. To see this, let u = e;,
and we have
0 S <€j7K€j> == '%j<6j;ej>'

K > 0 on the diagonal: Suppose K(r,7) < 0 for some . Then K(z,y) < 0
if [x — 7|, |y —r| < 6 for some §. Take u = X}r—s/2,r+6/2)- Then

(Ku,u) = / / K(z, y)u(y)a(s) ds dt < 0,



120 CHAPTER 10. COMPACT MAPS

a contradiction.

Let Ky(x,y) = Zjvzl riej(x)e;(y). It f =72, (f, ex)ex, we have

Knf@) = [ 3 i@ Y U exdeats) dy
= Zﬁjﬁa e;)e; ()

We have

Kf(x)= i(f,e] YKej(x i (frej)kje;(x
7j=1

We conclude that K — K is a positive operator, since

N

(f (K = Kn)f) =Y ) killf e lerse) =Y wjl(fen) > 0.

k=1 j=1 j=1

As above, K — K is non-negative on the diagonal, which implies that

ZHJ|€J )P < K(z,z).

Each term is non-negative, so the sum converges for each z. Let J(z) be the
limit.

Let M = sup, ,cp0.1) |[K(z,9)|. By Cauchy-Schwarz,

|KN<xy|<(ZK]|eJ )(Zm@ D

= (KN(%95))1/2(KN(?J,ZJ))1/2-
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Fix . By the same argument,

|3 s w155
< (S wie@r) (3 mlewr)
(iﬁj’ej(x)‘Q)l/Q

j=m

1/2

M2,

IN

The last line goes to 0 as m,n — oo since Ky (z,z) — J(x) < M. Therefore,
for each x, the functions Ky(x,-) converge uniformly. Let’s call the limit
L(z,y). Then L(z,y) will be continuous in y for each x.

Given f, let
N
fn(x) = Z (f.ej)ej(x).
Note
N
Kfn(z) = Z (f,ej)Kej(x)
"
= Z (f,ej)rjei(x)
= Knf(z).
We have

If =P =D [(fepl? =0

j=N+1
as N — oo by Bessel’s inequality, so

|Kf(z) = Kfn()l S/O K (2, )| f(y) = fn()ldy < M| f = fnl

by Cauchy-Schwarz. Therefore Ky f(z) — K f(z) as N — oo.

By dominated convergence,

Knf(a) = / K, y)f(y) dy — / Lz, 9)f(y) dy.
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We therefore have )
| st s = K s

for all f € L?[0,1]. This implies that (x is still fixed) K(x,y) = L(z,y) for
almost every y. With x fixed, both sides are continuous functions of y, hence
they are equal for every .

This is true for each z, and K(x,y) is continuous, hence L is continuous.
We now can apply Dini’s theorem to conclude that Ky (x,z) converges to
L(z,z) = J(z) uniformly. Finally, again by Cauchy-Schwarz,

n

> kjles(@)]e; ()]

< (S wle@B) (S mlewr) ",

and this proves that Ky (z,y) converges to K uniformly and absolutely. ©

10.4 Positive compact operators

We’ll do the Krein-Rutman theorem, which is a generalization of the Perron-
Frobenius theorem for matrices.

Theorem 10.16 Suppose Q is compact and Hausdorff and X = C(Q), the
complez-valued continuous functions on Q. Suppose K : C(Q) — C(Q)
and K is compact. Suppose further than K maps real-valued functions to
real-valued functions. Finally, suppose that whenever f > 0 and f is not
identically zero, then K f is strictly positive. Then K has a positive eigen-
value o of multiplicity one, the associated eigenfunction is positive, and all
the other eigenvalues of K are strictly smaller in absolute value than o.

Examples include matrices with all positive entries, the semigroup P, when
t = 1 for reflecting Brownian motion on a bounded interval, and

Kﬂ@z/meﬂwM@%
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where K is jointly continuous, positive, and p is a finite measure. We have
seen that the operator K is compact.

Proof. If f <gand f# g, theng— f>0,s0 K(g— f)>0,0or Kf < Kg.

Step 1. We show there exists a non-zero eigenvalue. Let f be the identically
one function. Since K f is continuous and everywhere positive, there exists
a positive number b such that Kf > b = bf.

If f and b are any pair such that f > 0, and K f > bf, then
Vf <WKf=K(bf) < K(Kf)=Kf,

and continuing,

b f < K"f.
Since f > 0,
OIAN < (K" I < (KA

SO
r(K) = lim || K™V > b.

Therefore r(K) is strictly positive. Since K is compact, the set of eigenvalues
of K is nonempty. We have shown that there exists a non-zero eigenvalue
for K. Moreover, any b that satisfies K f > bf for some f > 0 is less than or
equal to r(K).

Step 2. K is compact, so there exists an eigenvalue A and an eigenfunction
g such that Kg = Ag, |\| = 7(K). Let A and g be any pair with |A\| = r(K).

(a) We claim: if f = |g| and 0 = |A|, then of < K f.

Proof: Let x € (). Multiply g by o € C such that |o| = 1 and aAg(x) is
real and non-negative. Of course a depends on x. Write g = u + 7v. Then

Ku(z) +iKv(z) = Kg(z) = A\g(x).
Looking at the real part,
Ag(x) = (Ku) ().
Next, u < |g| = f, and

Alf () = [Ag(2)] = Ku(z) < (Kf)(x). (10.4)



124 CHAPTER 10. COMPACT MAPS

Then
of(x) < Kf(z). (10.5)

Although g depends on «, which depends on x, neither ¢ nor f depend on
x. Since x was arbitrary, the inequality (10.5) holds for all .

(b) We claim
of =K.

Proof: If not, there exists x such that of(z) < Kf(x). By continuity,
there exists a neighborhood N about x such that

of(s)+0 < Kf(s), s € N.

Let h > 0in N, 0 outside of N, and so Kh > 0.

We will find ¢,e > 0 and set FF = f +¢ch, k =0 + ce, and get kF' < KF.
This will be a contradiction to Step 1: if bf < K f, then we know b < r(K);
use this with b replaced by s and f replaced by F'.

(i) Now Kh > 0, so there exists ¢ < 1 such that cf < Kh. If s € N,

KF(s)=Kf(s)+eKh(s) > Kf(s)+ecf(s)
>of(s)+d+ecf(s).
Then
KF(s) = (o +ce)(f +eh)(s) = af(s) +ecf(s) + oeh(s)
+ ce?h(s)
< KF(s)— 6 +ecf(s) + och(s) + ce?h(s).
Since h is bounded above, we can take € small enough so that the last line is
less than or equal to K F(s).
(ii) If s ¢ N, then h(s) = 0 and

s) = (0 +ce)f(s) = o f(s) +ecf(s)

KF(s) = kf(
Kf(s)+eKh(s) = KF(s),

IN

using that c¢f < Kh.

Step 3. We next show that any other eigenvalue that has absolute value o
is in fact equal to 0. Let G be any eigenfunction corresponding to A\ with
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|A\| = 0. Fix x € Q. As before, we may assume AG(z) > 0. As before, write
G = u+ v and then AG(z) = Ku(x). We have u < |G| = f.

Suppose u < f at some point y € (). Then u < f and u < f at one point
means that we have Ku < K f at every point, and so

Alf () = [AG(2)] = AG(2) = Ku(z) < Kf(x).

So of(z)) < Kf(x). But we showed of = K f. Therefore u is identically
equal to f. This implies that G is real and positive, and then it follows that
A is real and positive. Since G = 071K G, G is strictly positive.

Step 4. Finally, we show ¢ has multiplicity 1. If not, there exist distinct real
eigenfunctions fi, fo. But some linear combination H of f;, fo will be real,
take the value 0, but not be identically zero. As before |H| will be an eigen-
function that is non-negative, and must also take the value 0. Moreover the
corresponding eigenvalue is 0. But then 0 < K|H| = o|H|, a contradiction
to |H| taking the value 0. O



126 CHAPTER 10. COMPACT MAPS



Chapter 11

Spectral theory

11.1 Preliminaries

Suppose A is a bounded linear operator over a complex-valued Hilbert space.
If y € H is fixed, then ¢(x) = (Az,y) is a bounded linear functional on H.
Therefore there exists z = z, € H such that {(z) = (x, z) for all z. We define
A*y = z,, so we have

(Az,y) = (z, Ay)
for all x and y.
Note
(2, A"(y1 + v2)) = (Az,y1 + y2) = (Az,91) + (Az, y2)
= (x, A'y1) + (z, A%ya) = (x, A%y1 + A*ya).
We conclude A*(y; + yo) = A*y; + A*ys. Similarly A*(cy) = cA*y, so A* is
a linear operator.

If x,y € H, we have
(2, A"y)| = [(Az, )| < | ALl [z]| [[]]-

Taking the supremum over ||z|| = 1, we have || A*y|| < ||A]| ||y||, and taking
the supremum over ||y|| = 1, we get ||A*|] < ||A||. Replacing A by A* we
obtain [|A™| < ||A*|| and noticing that A* = A, we have

1A = (1Al

127
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It is easy to check that (A + B)* = A* + B*, and since
(cAx,y) = c(Ax,y) = c(z, A'y) = (x,cA"y)
for all z and y, we have (cA)* = ¢A*. We note that
(Az,y) = (Az, A"y) = (z, (A")%y),

so(A?)* = (A*)?. This holds for all positive powers n by an induction ar-
gument. If P(z) = 37" (¢;27, let P(2) = 7 2" We then have that

P(A)* = P(AY).

In the case that H = C", we can identify vectors in C" with n x 1 matrices
and an operator A is identified with a n x n matrix. Then (X,Y) = X7V,
where BT is the transpose of a matrix B. Saying (AX,Y) = (X, A*Y) is the
same as saying that XTATY = (AX)TY is equal to XTA'Y for all X and

Y. Hence AT = A", or A* = ZT, the conjugate transpose of A.

We say A is a symmetric operator over a complex-valued Hilbert space if
A = A*, or equivalently, if (Az,y) = (x, Ay) for all x and y € H.

If A is compact, we can write x = Y _ aye, and Ax = > A\a,e,. Let E,
be the projection onto the eigenspace with eigenvector A, so z = > E,x
and Az =) N\, E,(x).

If we define a projection-valued measure E(S) by

E(S)= ) E,

An€S

for S a Borel subset of R, then = [ E(d\)z and Az = [ AE(d\)x.

Here F is a pure point measure. In general, we get the same result, but
E might not be pure point.

When we move away from compact operators, the spectrum can become
much more complicated. Let us look at an instructive example.

Example 11.1 Let H = L?([0,1]) and define A : H — H by Af(z) =
zf(z). There is no difficulty seeing that A is bounded and symmetric.

We first show that no point in [0,1]¢ is in the spectrum of A. If z is a
fixed complex number and either has a non-zero imaginary part or has a real
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part that is not in [0, 1], then z — A has the inverse Bf(z) = = f(x). It is
obvious that B is in fact the inverse of z — A and it is a bounded operator

because 1/|z — x| is bounded on z € [0, 1].

If z € [0, 1], we claim z — A does not have a bounded inverse. The function
that is identically equal to 1 is in L*([0, 1]). The only function g that satisfies
(z—A)g=11is g=1/(z — ), but g is not in L?([0,1]), hence the range of
z — Ais not all of H.

We conclude that o(A) = [0,1]. We show now, however, that no point
in [0,1] is an eigenvalue for A. If z € [0, 1] were an eigenvalue, then there
would exist a non-zero f such that (z — A)f = 0. Since our Hilbert space is
L? saying f is non-zero means that the set of z where f(x) # 0 has positive
Lebesgue measure. But (z— A)f = 0 implies that (z —z) f(z) = 0 a.e., which
forces f = 0 a.e. Thus A has no eigenvalues.

We have shown that the spectrum of a bounded symmetric operator is
closed and bounded and never empty because the collection of bounded sym-
metric operators is a Banach algebra, although not a commutative one.

We proved the spectral radius formula when we studied Banach algebras:
— T n||l/n
r(4) = lim |47
We have the following important corollary.

Proposition 11.2 If A is a symmetric operator, then

[A[] = r(A).

Proof. It suffices to show that [|A"|| = ||A||™ when n is a power of 2. We
show this for n = 2 and the general case follows by induction.

On the one hand, ||A?]] < ||A]|?. On the other hand,

IA][* = (sup [|Az|))* = sup [|Az]]

f[=]|=1 flz]|=1

= sup (Az, Ar) = sup (A%z,x)
f[=]|=1 [lz]|=1

<1147
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by the Cauchy-Schwarz inequality. O

The following corollary will be important in the proof of the spectral
theorem.

Corollary 11.3 Let A be a symmetric bounded linear operator.
(1) If P is a polynomial with real coefficients, then

IP(A)[ = sup [P(z)].
z€o(A)

(2) If P is a polynomial with complex coefficients, then

IP(A)] <2 sup |[P(2)].
z€o(A)

A later proposition will provide an improvement of assertion (2).
Proof. (1) Since P has real coefficients, then P(A) is symmetric and
IP(A)]| =r(P(A)) = sup |z]

z€o(P(A))
= sup |z = sup [P(w)],

2€P(0(A)) weo(A)

where we used Corollary 11.2 for the first equality and the spectral mapping
theorem for the third.

(2) It P(z) = Y0 o(a; +ibj)z7, let Q(z) = 377 a;z" and R(z) =

IP(A)] < QA + [R(A) I < sup [Q(2)] + sup [R(z)],

z€o(A) z€0(A)

and (2) follows. m

We will also need the fact that the spectrum of a bounded symmetric
operator is real. We know that each eigenvalue of a bounded symmetric
operator is real, but as we have seen, not every element of the spectrum is
an eigenvalue.
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Proposition 11.4 If A is bounded and symmetric, then o(A) C R.

Proof. Suppose A\ = a + b, b # 0. We want to show that A is not in the
spectrum.

If r and s are real numbers, rewriting the inequality (r — s)? > 0 yields
the inequality 2rs < r? + s2. By the Cauchy-Schwarz inequality

2a(z, Az) < 2|a] ||z [ Az|| < a®|l|* + [ Az|.
We then obtain the inequality

| — A)z|* = ((a+bi — Az, (a + bi — A)z)
= (a® + b)) ||z|]* + | Az||* — (a + bi){Az, x)
— (a — bi){x, Ax)
= (a® + b)) ||z||* + ||Az|]* — 2a(Az, z)
> b2 x| (11.1)

This inequality shows that A— A is one-to-one, for if (A—A)x; = (A—A)xs,
then
0=[[(A = A)(z1 — z2)|| = b*[ly — 22"

Suppose A is in the spectrum of A. Since A — A is one-to-one but not
invertible, it cannot be onto. Let R be the range of A — A. We next argue
that R is closed.

If yp = (A — A)zy, and yp — y, then (11.1) shows that
Ol = 2ml* < N1y — ymll*,
or x is a Cauchy sequence. If z is the limit of this sequence, then

(A—=A)x = lim (A — A)zg = lim y, = y.
n—oo

n—oo

Therefore R is a closed subspace of H but is not equal to H. Choose
2 € Rt Forallz € H,

0= (A= Az, z) = (z,(A— A)z).
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This implies that (A — A)z = 0, or X is an eigenvalue for A with correspond-
ing eigenvector z. However we know that all the eigenvalues of a bounded
symmetric operator are real, hence \ is real. This shows \ is real, a contra-
diction. |

11.2 Functional calculus

Let f be a continuous function on C and let A be a bounded symmetric
operator on a separable Hilbert space over the complex numbers. We describe

how to define f(A).

We have shown that the spectrum of A is a closed and bounded subset of
C, hence a compact set. By the Stone-Weierstrass theorem we can find poly-
nomials P, (with complex coefficients) such that P, converges to f uniformly
on o(A). Then

sup |(Fy — Pr)(2)| = 0

z€o(A)

as n,m — oo. By Corollary 11.3
(P = Pr)(A)[| =0
as m, m — oo, or in other words, P, (A) is a Cauchy sequence in the space £

of bounded symmetric linear operators on H. We call the limit f(A).

The limit is independent of the sequence of polynomials we choose. If @,
is another sequence of polynomials converging to f uniformly on o(A), then

T [|P2(A) = Qu(A)]| €2 sup [(P— Qu)(2)| = 0,

z€o(A)

so Q,(A) has the same limit P,(A) does.

We record the following facts about the operators f(A) when f is contin-
uous.

Proposition 11.5 Let f be continuous on o(A).
(1) (f(A)z,y) = (x, f(A)y) for all z,y € H.
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(2) If f is equal to 1 on o(A), then f(A) =1, the identity.

(3) If f(z) = z on o(A), then f(A) = A.

(4) f(A) and A commute.

(5) If f and g are two continuous functions, then (f + g)(A) = f(A) + g(A)
and f{A)g(A) = (fg)(A).

(6) lf (A < sup.eqay [ f(2)]-

Proof. The proofs of (1)-(4) are routine and follow from the corresponding
properties of P,(A) when P, is a polynomial. Let us prove (5) and (6) and
leave the proofs of the others to the reader.

(5) Let P, and @,, be polynomials converging uniformly on o(A) to f and
g, respectively. Then P,Q,, will be polynomials converging uniformly to fg.
The second assertion of (5) now follows from

(F9)(A) = lim (PQ.)(A) = lim P,(A)Qu(4) = [(A)g(4).
The limits are with respect to the norm on bounded operators on H. The
first assertion of (5) is similar.

(6) Since f is continuous on o(A), so is g = |f|>. Let P, be polynomi-
als with real coefficients converging to ¢g uniformly on o(A). By Corollary
11.3(1),

lg(A)l = lim |[P,(A)[| < lim sup [Py(z)] = sup |g(z)]
n—00 X z2e0(A) z€o(A)

If ||z|| = 1, using (1) and (5),

1F(A)z]* = (f(A)z, f(A)z) = (z, f(A) f(A)z) = (2, g(A)z)
< [lzll Nlg(A)zl} < lg(A)l < sup [g(2)|

z€o(A)
= sup |f(2)]".
z€o(A)
Taking the supremum over the set of x with [|z| = 1 yields
LA (A < sup [f(=)P,
z€o(A)
and (6) follows. i

We have the spectral mapping theorem for continuous functions.
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Theorem 11.6 Suppose A is symmetric and suppose [ is continuous on
o(A). Then

Here f(o(A)) = {f(\) : A € o(A)}.

Proof. Step 1. Suppose p ¢ f(o(A)); we show pu ¢ o(f(A)), and then
conclude o(f(A)) C f(o(A)). If u # f(A) for some X € o(A), then f(z) —
does not vanish on (A). So we can find a continuous function g that agrees
with (f(z) —p)~! on a(A).

If we take polynomials P, converging to f — p and polynomials converging
to g uniformly on ¢(A) and let R, (z) = (P.(2) — 1))(Qn(2)) — 1, then R,
converges uniformly to 0 on o(A). Therefore R,,(A) converges to 0 in norm.
So

[f(A) = pl]g(A) = 1.

Therefore g(A) is the inverse of f(A) — ul, and hence u ¢ o(f(A)).

Step 2. We show f(o(A)) C o(f(A)). Suppose A € 0(A). We need to show
f(A) € a(f(A)). Suppose not, that is, f(A) — f(A) is invertible. Let P, be
polynomials converging to f uniformly on o(A). We use the fact that K — B
is invertible if K is invertible and the norm of B is less than 1/||K~!||. We
set K = f(\) — f(A) and

B = () = Pu(2) — f(A) + Pu(A).

Then if n is sufficiently large and z is sufficiently close to A, then P, (2)—P,(A)
will be invertible. Thus for such n and z, we see that P,(z) ¢ o(P,(A)) =
P,(c(A)). Since P, converges uniformly to f on o(A), we conclude f(\) ¢
f(c(A)), a contradiction. o

A is a positive operator if (Az,x) > 0 for all .

Proposition 11.7 Let A be bounded and symmetric. A is positive if and
only if o(A) > 0.

Proof. If ¢(A) > 0, then f(\) = v/) is a continuous real-valued function for
A>0,and so N = f(A) = VA exists and is a symmetric operator because
N* = f(A) = f(A) = N. Then

(Az,x) = (N?z,7) = (Nx, Nz) > 0.
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Now suppose A is positive. If A € o(A) is strictly negative,
] [[(A = Na|| = (2, (A= Nz) = (2, Ax) = M|z]|* = =A|jz]]?,
using Cauchy-Schwarz. Dividing both sides by |||, we have
(A = A)zf] = (=A)[|l]].

Similarly to the proof that the spectrum of a symmetric operator is contained
in the reals, we see that A — A is one-to-one, its range R is closed, and A is
an eigenvalue for A. But then

(Az,2) = (Az,2) = Al2[* <0,

a contradiction, where we used the fact that X is real and hence A = \. O

Corollary 11.8 FEvery positive symmetric operator has a positive symmetric
square root.

11.3 Riesz representation theorem

The Riesz representation theorem for positive linear functionals on C(X) is
proved in real analysis. We will need the version for complex-valued bounded
linear functionals. See [1] for a proof.

Theorem 11.9 If S is a compact metric space and I is a bounded complez-
valued linear functional on C(X), there exists a unique finite complex-valued
measure |1 on the Borel o-algebra such that

105) = [ fan

for each f € C(X). Moreover the total variation of u is

sup{/fdu : ilelg!f(Z)! < 1}.
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11.4 Spectral resolution

We now want to define f(A) when f is a bounded Borel measurable function
on C. Fix z,y € H. If f is a continuous function on C, let

Loy f = (f(A)z,y). (11.2)

It is easy to check that L, , is a bounded linear functional on C(o(A)), the
set of continuous functions on o(A). By the Riesz representation theorem for
complex-valued linear functionals, there exists a complex measure p,, such
that

<f(A)ZU, y) = Lx,yf = f(Z) #:zny(dz)
o(A)

for all continuous functions f on o(A).
Define
Lot = [ 1) astd2)
for all f that are bounded and Borel measurable on o(A).

We have the following properties of p .

Proposition 11.10 (1) i, is linear in x.

(2) Hyz = Hay-
(3) The total variation of ., is less than or equal to ||z ||y]|-

Proof. (1) The linear functional L, , defined in (11.2) is linear in x and

/fd(:ux,y +/Lx/7y) = Lx,yf + Lx’,yf = L:c—i—x’,yf = /fdlux—i-x’,y-

By the uniqueness of the Riesz representation, fiziq/y = flay + far+y. The
proof that fic,, = cfiz, is similar.

(2) follows from the fact that if f is continuous on o(A), then

/wa:wazummmw—

|
2
=l
=
2
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Now use the uniqueness of the Riesz representation.

(3) This follows from the Riesz representation theorem. O

If f is a bounded Borel measurable function on C, then Ly,gj is linear in
y. Note that

Ly fl < sup [f(2)[payllrv < Sup [FEH ]yl
S

z€a(A) z€0(A)

where T'V stands for “total variation.” Thus L, , is a bounded linear func-
tional on C with norm bounded by ||z|| ||y||. By the Riesz representation
theorem for Hilbert spaces, there exists w, € H such that L,.f = (y,w,)
for all y € H. We then have that for all y € H,

Lx,yf = f(z) Ma:,y(dz) = f(Z) My,x(dz)
o(A) o(A)

Since

<y7 w$1+$2> = Ly,x1+$27 = Ly,m? + Ly,:rg? = <y7 w$1> + <y7 w:c2>

for all y and

<y7 wcx) = Ly,ca:? = ELy,w? = E<y’ w:c) = <y7 Cw:c>

for all y, we see that w, is linear in z. We define f(A) to be the linear
operator on H such that f(A)zr = w,.

In the particular case when A is also compact, if (A, ¢,) are the eigen-
value/eigenvector pairs with {¢,} an orthonormal basis, we have

T = Z (z, (;Dn)(;on

n=1
and

Az = Z AT, ©n)Pn.
n=1
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Then
:U—Z)\ x, pn)A Z)\Qﬁi@n

Generalizing this, we have

oo

P(A)z =  P\)(x,¢n)on,

n=1

and passing to the limit for continuous functions, and then for bounded and
Borel measurable f,

Az =" f(A

Specializing further to matrices, if A is a diagonal matrix with diagonal
entries Aj; = A;, then f(A) is the diagonal matrix with diagonal entries

).

If C' is a Borel measurable subset of C, we let

E(C) = xolA). (11.3)
Remark 11.11 Later on we will write the equation

_ / | JE ) (11.4)

Let us give the interpretation of this equation. If z,y € H, then

(E(C)z,y) = (xe(A)r,y) = / RCCIACE!

Therefore we identify (E(dz)z,y) with p, ,(dz). With this in mind, (11.4) is
to be interpreted to mean that for all x and y,

(f(A)z,y) = f(2) poy(d2).

o(A)
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Theorem 11.12 (1) E(C) is symmetric.

) IEC)] < 1.

(3) E(0) =0, E(o(A)) = I.

(4) If C, D are disjoint, E(C U D) = E(C)+ E(D).

(5) E(CN D)= E(C)E(D).

(6) E(C) and A commute.

(7) E(C)? = ( ), so E(C) is a projection. If C,D are disjoint, then
E(C)E (D)

(8) E(C) a

(D) commudte.

Proof. (1) This follows from

(x, E(C)y) = (E(C)y.z) = / xel2) fy(d)
- / Yo (2) fey(dz) = (E(C)z, ).

(2) Since the total variation of p, , is bounded by ||z|| ||y||, we obtain (2).

(3) iz y(0) =0, s0 E(0) = 0. If f is identically equal to 1, then f(A) = I,
and

() = / ., Feald) = (E(o( )2,

This is true for all y, so = E(o(A))z for all .
(4) holds because i, is a measure, hence finitely additive.
(5) If we prove that
F(A)g(A) = (f9)(A) (11.5)

for f and g bounded and Borel measurable on o(A), we can apply this with
f=xcand g = xp. Then fg = xcnp, and we get (5).

Now
(fa(A)gm(A)z,y) = ((frgm)(A)z,y) (11.6)

when f, and g,, are continuous. The right hand side equals

/(fngm) (Z) ﬂz,y(dz)a
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which converges to

[ (9)G) () = () (A)2,0)

when g,, — g boundedly and a.e. with respect to i, ,. The left hand side of
(11.6) equals

(gl A)z, Fo(A)y) = / 0 (2) 17 1ye (),

which converges to

[ 90 15,00 (d2) = (92 F ()
as long as g,, also converges a.e. with respect to B (A So we have

(fn(A)g(A)z,y) = ((fag)(A)z, y). (11.7)

If we let f,, converge to f boundedly and a.e. with respect to u,,, the
right hand side converges as in the previous paragraph to ((fg)(A)x,y). The
right hand side of (11.7) is equal to

(g(A)z, [ (A)y) = (f.(A)y, g(A)z). (11.8)

If f, converges to f a.e with respect to ji, 44, the right hand side of (11.8)
converges by arguments similar to the above to

(F(A)y, g(A)x) = (g(A)z, F(A)y) = (f(A)g(A)z,y).

(6) Let h(z) = z and apply (11.5) with f = x¢c and g = h to get xc(A)A =
(xch)(A). Then apply (11.5) with f = h and g = x¢ to get Axc(A)
(hxc)(A).

(7) Setting C' = D in (5) shows E(C)
If C'N D = 0, then E(C)E(D) = E(0) =

(8) Writing

= E(C)?, so E(C) is a projection.
0, as required.

E(C)E(D) = E(CN D) =E(DNC) = E(D)E(C)
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proves (8). o

The family {E(C)}, where C ranges over the Borel subsets of C is called
the spectral resolution of the identity. We explain the name in just a moment.

Here is the spectral theorem for bounded symmetric operators.

Theorem 11.13 Let H be a separable Hilbert space over the complex num-
bers and A a bounded symmetric operator. There exists a operator-valued
measure E satisfying (1)-(8) of Theorem 11.12 such that

F(4) = / REEE! (11.9)

for bounded Borel measurable functions f. Moreover, the measure E is
unique.

Remark 11.14 When we say that F is an operator-valued measure, here
we mean that (1)—(8) of Theorem 11.12 hold. We use Remark 11.11 to give
the interpretation of (11.9).

Remark 11.15 If f is identically one, then (11.9) becomes

I / E(d)),
o(A)

which shows that {E(C)} is a decomposition of the identity. This is where
the name “spectral resolution” comes from.

Proof of Theorem 11.13. Given Remark 11.14, the only part to prove is
the uniqueness, and that follows from the uniqueness of the measure f,,. O

Proposition 11.16 Suppose A4, ..., A,, are pairwise disjoint. Then

H iciE(Ai)

= max |¢].
1<i<m
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Proof. By letting A,,+1 = o(A) \ U, A; and setting ¢,,+1 = 0, we may
suppose without loss of generality that the union of the A; is o(A). Let
r =max; |¢;|. Given z, let z; = E(A;)x. Then

(einy) = (B(A)w, B(A))x) = (2, B(A)E(4;)z) = 0
if i # j. We have

H ;cZE(AZ)tz = <ZCZE(A1)1: ch > <chxz,chxj>
= Z Jesl*llas]|* < Z [t i

Therefore the operator norm is less than or equal to r. If j is such that
lcj| = r, then take x in the range of E(A;), and then ), ¢, E(A;)r = ¢;z,
which implies that the norm is equal to 7. |

Suppose xp(A) is defined for every Borel measurable subset B of o(A).
If f is simple, i.e., f = > ¢ixa,, where the A; are disjoint, we could define
f(A) => ¢ E(A;). By the previous proposition, we know

1F (A = sup |f(N)]
A€o (A)

if f is simple. If f is bounded and measurable, we can take f,, simple con-
verging to f uniformly. Then

[fn(A) = fin(A)[| = sup |fu — funl,
A€o (A)

since f, — fu, is simple, and therefore f,(A) is a Cauchy sequence. We define
f(A) to be the limit of f,(A). This allows us to define f(A) for f bounded
and Borel measurable provided we know how to define xo(A).

Proposition 11.17

1F (A = / FOP s (dN).

Proof. If f is bounded and measurable

1 (A)z]]* = (f(A)z, f(A)z) = (| f[*(A)z, 2) Z/IfQ(A)Imm,x(dA)-
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11.5 Normal operators
We need a simple lemma.

Lemma 11.18 IfU is a bounded linear operator on H, then |[U*U|| = | U||?.

Proof. On the one hand
|TU|| < U] |U],

and we saw at the beginning of this chapter that ||[U*|| = [|U]].
On the other hand,

lUz||* = (Uz,Uz) = (U"VUz,2) < [|UU] |=]]*.

Taking the sup over ||z|| = 1, we get our result. O
Let F be a Banach algebra with unit.

Proposition 11.19 If Q) € F, then

o(Q) = {p(Q) : p a homomorphism of F into C}.

Proof. X\ € o(Q) if and only if Al — @ is not invertible, which happens if
and only if p(Al — Q) = 0 for some homomorphism p. Since p(I) = 1, this
happens if and only if A = p(Q) for some p. O

Proposition 11.20 If p is a homomorphism, then p(T*) = p(T).

Proof. Let A= (T +7T*)/2 and B = (T —T71%)/2. Then A* = A, B* = —B,
T=A+B,T"=A—- B, and so p(T) = p(A) + p(B) and similarly with T
replaced by T™.

It will suffice to show p(A) is real and p(B) is imaginary, for then we have

p(T*) =p(A) —p(B),  p(T)=p(A) +p(B),
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and these two are complex conjugates of each other.
Write p(A) = a +ib and let U = A +itl, so that U* = A —itl. Then
UU = A% +#21.

We have p(U) = a+i(b+t), so |p(U)|* = a*+ (b+t)*. We know from Chapter
9 that homomorphisms are contractions, so |p(U)| < ||U]|, and hence

a* + (b+1)* = [p(U)] < |U|* = |U°U|| < |Al]* + ¢

for all ¢, which can only happen if b = 0. (If b > 0, take t large positive, and
t large negative if b < 0.) The operator iB is symmetric, so apply the above
to 1. O

An alternate proof that p(A) is real is that since A is symmetric, its
spectrum is contained in the real line and we know p(A) € o(A).

Proposition 11.21 If T and T* commute, then ||T| = r(T).

Proof. We already know this if 7" is symmetric. Note 7™7T is always sym-
metric.

For general T,

ITI|* =TTl = r(T"T) = sup ||

A€o (T*T)
= sup [p(T*T)| = sup |p(T)|*
peF peEF
2 2
= (s (D))" = ( sup [A])
pEF Xeo(T)

= (r(1))".

An operator N is normal if N*N = NN*.

We will see that there is a spectral resolution for the identity as for sym-
metric operators, but now the spectrum is not necessarily real. In the case
of matrices, normal matrices are diagonalizable, but the eigenvalues can be
complex.
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Lemma 11.22 Let R(x,y) be a polynomial, N normal, and Q = R(N, N*).
Then _
o(Q) ={R\ X\ : A€ a(N)}.

Proof. Operators of the form R(N, N*) are a commutative algebra with
unit. Let F be the closure in the operator norm.

Since N and N* commute, they each commute with @), and so ) and Q*
commute. Now p(Q) = R(p(N),p(N*)) = R(p(N),p(N)). Then o(Q) is
equal to the set of points R(p(N), p(N)) where p is a homomorphism, which
is the same as the set of R(\, ) where A € o(N). O

Theorem 11.23 Let N be normal. There exists an orthogonal projection
valued measure E on o(N) such that I = [, dE and N = [\ A E(dA).

Proof. Let ¢(x,y) be a polynomial in x and y. If we let w = x + yi € C,
we can let z = (w 4+ w)/2, y = (w — w)/2, and write ¢(x,y) = R(w,w)
for some polynomial R. Set Q = R(N, N*). By the above lemma we have
o(Q) = R(\A) for A € o(N). We have ||Q| = 7(Q), since Q and Q*
commute. Therefore

QI = sup [R(A,N)]-

A€o (N)
Also, R(A,A) = q(3(A+X), 3(A = X)). Now we can define f(NN) as the limit
of polynomials, and the rest of the proof is as before. O

11.6 Unitary operators

U is a unitary operator if it is linear, isometric, one-to-one, and onto. (Cf. ro-
tations) So ||Uz|| = ||z, or (Uz,Uz) = (x,z). By polarization, (Uz,Uy) =
(x,y), so (x,U*Uy) = (z,y), which implies U*U = I. U is invertible, since
it is one-to-one and onto, and thus U~ = U*.

U*U =1 = UU"*, so unitary operators are also normal operators.

Proposition 11.24 If U is unitary, then o(U) C {|z| = 1}.
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Proof. (Al —U) = A(I—U/)). Since U is an isometry, then ||U|| = 1. Then

— 1U is invertible if |—/1\|HUH <1,orif [\ > 1
Now suppose [N < 1. A —U) = UNU™ —I) = UWAU* —I). Since
IAU*|| = |A] < 1, then I — AU* is invertible. O

Proposition 11.25 Suppose T is a bounded normal operator.
(1) If o(T) C R, then T is symmetric.
(2) If o(T) C {|z] = 1}, then T is unitary.

Proof. (1) Let g(A,A\) = XA — X\. Then
T-T"=q(T,T),

and

IT =T = sup g(\,A) =0

Ao (T)
since A = \ if \ is real.
(2) Let (A, A) = A\ — 1. Then
T —1=q(T,T),

and

IT*T = I = sup g(A\,A) < sup(J]A]* —1) = 0.
Aea(T) IA=1



Chapter 12

Unbounded operators

12.1 Definitions

Let D be a subspace of a Hilbert space H. In this chapter D will almost
never be closed. An unbounded operator T in H with domain D is a linear
mapping from D into H. We will write D(T") for the domain of 7. T is
densely defined if D(T') is dense in H.

For an example, let H = L?[0,1], let D = C'[0,1], and let T f = f’. Note
T is not a bounded operator. For another example, let D = {f € C?: f(0) =
f(1) =0} and Uf = f”. Then one can show that {—n?m?} are eigenvalues.

Recall that G(T), the graph of T, is the set {(z,Tx) : x € D(T)}. If
U is an extension of T, that means that D(T) € D(U) and Ux = Tx if
x € D(T). Note U will be an extension of 7" if and only if G(T") C G(U).
One often writes 7' C U to mean that U is an extension of 7T'.

A closed operator in H is one whose graph is a closed subspace of H x H.
This is equivalent to saying that whenever z,, — x and Tx, — vy, then
zx € D(T)and y =Tx.

Proposition 12.1 If D(T) = H and T is closed, then T is a bounded oper-
ator.

Proof. Recall the closed graph theorem, which says that if M is a closed

147
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linear map from a Banach space to itself, then M is bounded. The proposition
follows immediately from this. |

Given a densely defined operator T', we want to define its adjoint 7.
First we define D(T*) to be the set of y € H such that the linear functional
l(x) = (Tz,y) is continuous (i.e., bounded) on D(T). If y € D(T*), the
Hahn-Banach theorem allows us to extend ¢ to a bounded linear functional
on H. By the Riesz representation theorem for Hilbert spaces, there exists
2y € H such that

U(z) = (x,2y), x € D(T).

Of course z, depends on y. We then define 7"y = z,.

Since T' is densely defined, it is routine to check that 7™ is well defined
and also that T* is an operator in H, that is, D(T™) is a subspace of H and
T™ is linear.

For an example, let H = L?[0,1], D(T) = {f € C' : f(0) = f(1) = 0},
and Tf = f. If f € D(T) and g € C', then

(Tf.g) = / f(@)g() dr = F(1)g(1)— F(0)5(0)— / f(@)7 (z) dz = (f,~7)

by integration by parts. Thus |[(T'f,g)| < ||f]| ||7|| is a bounded linear func-
tional, and we see that C1 € D(T*) and T*g = —¢' if g € C*.

Some care is needed for the sum and composition of unbounded operators.
We define
D(S+T)=D(S)NnD(T)

and

D(ST)={x € D(T): Tx € D(S)}.

Proposition 12.2 IfS, T, and ST are densely defined operators in H, then
T*S* C (ST)*. (12.1)
If in addition S is bounded, then

T*5* = (ST)".
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Proof. Suppose x € D(ST) and y € D(T*S*). Since x € D(T) and
S*y € D(T*), then
(Tx,S™y) = (x, T*S™y).

Since T'x € D(S) and y € D(S*), then
(5Tw,y) = (T'x, S"y).

Therefore
(STx,y) = (x,T"S™y).

Assume now that S is bounded and y € D((ST)*). Then S* is also
bounded and D(S*) is therefore equal to H. Hence

(Tw,S"y) = (STx,y) = (v, (ST)"y)

for every x € D(ST). Thus S*y € D(T*), and soy € D(T*S*). Now combine
with (12.1). O

An operator T in H is symmetric if (T'z,y) = (x,Ty) whenever z,y are
both in D(T"). Thus a densely defined symmetric operator 7" is one such that
T CcT* IfT =T* we say T is self-adjoint. Note that the domains of T’
and T™ are crucial here. This is not an issue with bounded operators because
every symmetric bounded operator is self-adjoint.

Let us look at some examples. These will all be the same operator, but
with different domains. Let H = L?[0,1]. Let D(S) be the set of absolutely
continuous functions f on [0, 1] such that f' € L?. Let D(T) be the set of
f € D(S) such that in addition f(0) = f(1), and let D(U) be the set of
functions in D(S) such that f(0) = f(1) = 0. Note that if f’ € L?, then

10 =56 = | [ 716 de] < 15l -1

by Cauchy-Schwarz, so functions in any of these domains can be well defined
at points.

The operator will be the same in each case: Sf =if’, and the same for T'f
and U f provided f is in the appropriate domain. We see that U C T C S.
We will show that T is self-adjoint, U is symmetric but not self-adjoint, and
S is not symmetric.
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By integration by parts,

(Tf,g>:/01(if/)§ (12.2)
= if(1)g(1) — if (0)g(0) — /0 if(g)
= if(1)g(1) — if (0)g(0) + /O f(ig').

Thus if f,g € D(T), we have (T'f,g) = (f,Tg), since f(1) = f(0) and
9(1) = g(0) for f,g € D(T).
The same calculation with T replaced by S shows that .S is not symmetric.

The calculation with 7" replaced by U shows that U is symmetric. Moreover
(12.2) shows that U C S*.

Suppose g € D(T*) and ¢ = T*g. Let ®(z) = [ o(y)dy. If f € D(T),
then

/ = (Tf.g) = f,6) = FB() — / Ne3

the last equality by integration by parts. Since D(7T') contains non-zero con-
stants, take f identically equal to 1 to conclude that ®(1) = 0. Therefore we

have .
/ f'G=0
0

G=19—o.

whenever f € D(T) and

Taking the complex conjugate and replacing f by f,
1
| re=o
0
if f e D(T).

We claim G is constant (a.e.). Suppose a < b is such that [a, a+h]|, [b, b+h]
are both subsets of [0, 1] and take f such that

1 1
f/ = EX[a,a+h} - EX[b,sz]-
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Then f € D(T') and so

1 a+h 1 b+h
E/a G(z)dx — E/b G(x)dr = 0.

There is a set N of Lebesgue measure 0 such that if y ¢ N, then

%/yy G(z)dx — G(y).

So if a,b ¢ N, taking the limit shows G(a) = G(b). Since we are on L?, we
can modify G on a set of Lebesgue measure 0 and take G constant.

This implies that ¢ = —i® +c is absolutely continuous and ¢’ = —i¢ € L?.
Also, g(0) = —i®(0) + ¢ = —i®(1) + ¢, hence g € D(T'). Thus T* C T.

In the case of U: if g € D(U*) and f € D(U), then f(1) =0 and so

/0 7= FB() - /0 - /0 .

If G =19 — ®, then fol f'G = 0. As before G is constant, so g = —i® + ¢,
but now we no longer know that ®(1) = 0. So g(1) might not equal g(0).
Therefore U* C S.

If g€ D(S) and f € D(U), we have

(UF.9) = if(1)3(1) — i (0)g(0) + / 1Gig) = (1, Ug).

Hence g € D(U*). Thus S C U*, and with the above U* = S. Hence U is
not self-adjoint.

Proposition 12.3 Let H be a Hilbert space over C, A self-adjoint. Then A
15 closed.

Proof. A is closed: if x, — = and Ax,, — u, then
(Azp, y) = (20, Ay) = (z, Ay) = (Az,y).

Also (Ax,,y) — (u,y). This is true for all y, so Az = u. O
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If A is defined on all of H and is self-adjoint, we conclude that A is
bounded.

We say z is in the resolvent set of A if A — 2zl maps D one-to-one onto H.

Proposition 12.4 If z is not real, then z is in the resolvent set. Equiva-
lently, o(A) C R.

Proof. (1) R = Range (A — zI) is a closed subspace.

R is equal to the set of all vectors u of the form Av — zv = u for some
v € D. Then(Av,v) — z(v,v) = (u,v). A is self-adjoint, so (Av,v) =
(v, Av) = (Av,v) is real. Looking at the imaginary parts,

—Im (2[|v]]*) = Im (u, ),

so [Im z[|v]|* < [Jull [[v]], or

1
ol < el

If u, € R and u,, — u, then ||v, — v, || < (1/|Im z|)||un — wnml|, so v, is a
Cauchy sequence, and hence converges to some point v.

Since Av,, — zv, = u, — u and zv, converges to zv, then Av, converges
to u + zv. Since A is self-adjoint, it is closed, and so v € D(A). Since
(Av,, w) = (v,, Aw) for w € D, then (u+ zv,w) = (v, Aw), which implies
and Av =u+ zv, or u= (A —2)v € R.

(2) R = H. If not, there exists x # 0 such that z is orthogonal to R, and

then
(Av — zv, ) = (Av,x) — (v,Zx) =0

for all v € D. Then (Av,z) = (v,Zx), so x € D and Az = Zz. But then
(x, Ax) = z(x, ) is not real, a contradiction.

(3) A—=zI is one-to-one. If not, there exists x € D such that (A—zI)z = 0.
But then ||z|| < (1/|Im z])]|0]| = 0, or z = 0. O

If we set R(z) = (A — zI)~! the resolvent, we have
1

[Tm z|

IR <
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If u,w € H and v = R(z)u, then (A — z)v = u, and
(u, R(Z)w) = ((A = 2)v, R(Z)w) = (v, (A = Z) R(Z)w)
= (v,w) = (R(2)u, w).
So the adjoint of R(z) is R(Z).

Theorem 12.5 Let A be a symmetric operator. A is self-adjoint if and only
if 0(A) C R.

Proof. That A self-adjoint implies that all non-real z are in the resolvent
set has already been proved. We thus have to show that if A is symmetric
and o(A) C R, then A is self-adjoint.

If z,y € D(A),
(A=2)z,y) = (z,(A=2)y).
If z is not real, then z ¢ o(A), so z— A is invertible and A—z and A —Z map

D(A) one-to-one and onto H. For f,g € H, we can define z = (A — z)"'f
and y € (A—7Z)g, and we note that z and y are both in D(A). We then have

(f,(A=2)7"g) =((A~2)""f.9)
for all f,g e H.

Now we show A is self-adjoint. Take z non-real and suppose v € D(A*).
Set w = A*v € H. We have

(Az,v) = (x, A*v)
for all z € D(A). Subtract z(z,v) from both sides:
(A= 2)x,v) = (z, (A" —2)v).
Let g = (A* —Z)v and f = (A — z)z. Then
(f;0) = (A= 2)z,v) = (z, (A" = Z)v)
(A=2)""f.9) = (f,(A=2)""g).

The set of f of the form (A — z)x for x € D(A) is all of H, hence v =
(A —z)7'g, which is in D(A). In particular, D(A*) C D(A). We have
(A=Z)v=g= (A" —Z)v, so A*v = Av. O
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12.2 Cayley transform

Define
U= (A—-)A+i) "
This is the image of the operator A under the function
z—1
F(z) = 12.3
()=, (12.3)

which maps the real line to 0B(0,1) \ {1}, and is called the Cayley transform
of A.

Proposition 12.6 U is a unitary operator.

Proof. A+ i and A —i each map D(A) one-to-one onto H, so U maps H
onto itself.

U is norm preserving: Let u € H, v = (A+4) 'u, w = Uu. So (A+i)v = u,
(A —i)v =w. We need to show ||u|| = |Jw]|.

We have

lull* = (A +i)v, (A + i)v) = [ Av]]* + [[v]|* + i(v, Av) — i(Av,v)
= [[Av]* + [Jv]*,

and similarly

lwll = ((A =), (A = i)v) = [|Av]* + ||v]*.

Proposition 12.7 Given A and U as above and E the spectral resolution
for U, E({1}) =0.

Proof. Write E; for E({1}). If E; # 0, there exists z # 0 in the range of
FEy, so z = Eyw. Then

Uz = /U(U) ANE(dN)z = /J(U) ANE — Ey)(dN)z + /{1} AEi(d)N)z.



12.3. SPECTRAL THEOREM 155

The first integral is zero since (E — E;)(A) and E; are orthogonal for all A.
The second integral is equal to

E12 = ElElw = Elw =z

since F; is a projection.

We conclude z is an eigenvector for U with eigenvalue 1. So
(A—il)(A+il) 'z =z
Let v=(A+4l)"'z,0or 2= (A+il)v. Then
z=(A—il)(A+il) 2= (A—il),

and then v = —iv, so v = 0, and hence z = 0, a contradiction. O

12.3 Spectral theorem

When M is a bounded symmetric operator and f is bounded and measurable,
we defined f(M) in Chapter 11. We now want to define f(M) for some
unbounded functions f.

Proposition 12.8 Let M be a bounded operator and f a measurable func-
tion. Let

py={o: [ o TR (@) < o}

Then
(1) Dy is a dense subspace of H.
(2) If v,y € H,

[, el <1 [ o peaan)

(8) If f is bounded and v = f(M)z, then

oo (AX) = () pg - (dN), x,z € H.
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Proof. (1) Let S C o(M) and z =z +y.
IE(S)z)1* < (1E(S)z]| + |1 E(S)yl)* < 2| E(S)]|* + 2| E(S)y]*.

So
o2 (S) < 245.5(S) + 241, (S).

This is true for all S, so
oz (AN) < 2p 5 (dAX) + 241 4, (dN).

This proves that Dy is a subspace.
Let S, = {A € a(M) :|f(N)| <n}. Then if x = E(S,)z,

E(S)z = E(S)E(S,)E(S,)z = E(S N S)E(Sy)z = E(SN Sy,

SO pg 2(S) = pe (SN Sy,). Then

/ FOVP (@) = / POV fna(dA) < 22l < oo,
o(M)

n

To see this last line, we know it holds when |f]? is replaced by g and g is
the characteristic function of a set. It holds for g simple by linearity, and
then it holds for ¢ = |f|*> by monotone convergence. Therefore the range of
E(S,) C D(f). o(M) =U,S,, so

IE(Sa)y—yll* = 1 E(S0) () —E(a (M) (y)|* = / Xoauns, (NI gy (dX) = 0

by dominated convergence. Hence y is in the closure of Dy.

(2) If x,y € H, f bounded,

FON) pay (dX) <[ f(A)] [y | (dN),

so there exists u with |u| = 1 such that

wA)FA) iy (dA) = | F V)] |ty [ (dN).

Hence

/(M) [f 2yl (dA) = (uf (M), y) < [luf (M)z]| [[y]-
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But
luf (M)a]f? = / a2 dptns = / P dte.

So (2) holds for bounded f. Now take a limit and use monotone convergence.

(3) Let g be continuous.

/(M)gd,uz,v = (g(M)x,v) = (g(M)z, f(M)z)

— (Fo)(M)z,2) = / oF o

this is true for all g continuous, so djiy , = fduw. O

Theorem 12.9 Let E be a resolution of the identity.

(1) Suppose f : a(M) — C is measurable. There ezists a densely defined
operator f(M) with domain Dy and

mme:/Wﬁmme> (12.4)

1 (M) = / o O st (12.5)

(2) If Dy C Dy, then f(M)g(M) = (fg)(M).
(3) f(M)* = F(M) and f(M)f(M)* = f(M)*f(M) = |f]*(M).

~

Proof. (1) If x € Dy, then {(y) = fU(M) fdpis, is a bounded linear func-
tional with norm at most ([ |f|?dp..)"? by (2) of the preceding proposition.
Choose f(M)z € H to satisfy (1) for all y.

Let f, = fx(fi<n)- Then Dy_; = Dy since [|f — fu|?dps, is finite if
and only if [|f|*dp,, is finite, using that f, is bounded. By the dominated
convergence theorem,

M)z — fu(M)z]? < / 1~ fal g — 0.

o(M)
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Since f, is bounded, (12.5) holds with f,,. Now let n — oc.

(2): Define gn, = gx(g/<m)- Since f, and g, are bounded, (2) follows for
frs Gm- Now let m — oo and then n — oo.

(3) We know this holds for f, since f, is bounded. Now let n — co. O

Theorem 12.10 (Change of measure principle) Let E be a resolution of
the identity on A, ® : A — B one-to-one and bimeasurable. Let E'(S") =
E(®7Y(S")). Then E' is a resolution of the identity on B, and

[t = [ (ro®d,,

Bimeasurable means that ® and ®~! are both measurable. Saying that E
is a resolution of the identity on A means that F(C) is symmetric for every
measurable subset C of A, |[E(C)|| <1, E(@) =0, E(A) =1, E(CUD) =
E(C) + E( )if C and D are disjoint, and E(CN D)= E(C)E(D). Finally,
(E(C = [ Xxc(2) pizy(dz) characterizes the measure p,, and similarly
for /%,y

Proof. Prove for f the indicator of a set, use linearity, and take limits. O

Theorem 12.11 (Spectral theorem) Let A be a self-adjoint operator on a
Hilbert space over the complex numbers. There exists a resolution of the

wdentity E such that
A= / z E(dz).
o(A)

Proof. Start with the unbounded operator A. Let U = (A —4I)(A+ i)~}
Then U is unitary with a spectrum on 0B(0,1) \ {1}. Let the resolution of
the identity for U be given by E.

Let F be defined as in (12.3) and define ® = F~!, which is a map taking
0B(0,1) \ {1} to R. Thus
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We check that A = ®(U). Since the range of ® is R, then ®(U) is self-
adjoint by Theorem 12.9(3). Since ®(z)(1 — z) = i(1 + z), Theorem 12.9(2)
implies that

UYI —U) =i(I +U).

In particular, the range of I — U is contained in the domain of ®(U). From
the definition of the Cayley transform, we have

AL -U) =i(I+U)

and the domain of A is equal to the range of I — U. Thus A C ®(U). Since
both A and ®(U) are self-adjoint,

QU)=d(U) cA"=AC PU),
and hence A = ®(U).
Let E(S) = E(®7(S)). We have

(Ar,y) = (@(U)s) = [ 0:) (B(d)e.0),

o(U)

By the change of measure principle, this is equal to

/ 2z (E(dz)x,y).
o(A)
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Chapter 13

Semigroups

13.1 Strongly continuous semigroups

Let X be a Banach space over the complex numbers, T'(t) = T, linear
bounded operators for ¢t > 0. T is a semagroup if T, , =T, T, To = 1.

These come up in PDE and in probability. For example, if one wants to
solve the equation

ou 0%*u
E(t@) Oz? 73(t: ), w0, 2) = f(=),

where f is a given function (this is the heat equation on R), the solution is
given by u(t,x) = T f(x) for a certain semigroup 7;.

If X; is a Markov process, then T, f(x) = E*f(X;) will be a semigroup,
where [E* means expectation starting at x.

Here is an example: if X is a Hilbert space and {¢,} is an orthonormal
basis and A; a sequence of real numbers increasing to infinity, let

Iif = Z (f. e

Another example is to let

) = L e
)= [ roo= dy (13.1)

161
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where X is the set of continuous functions on R vanishing at infinity.

A third example is given by the next proposition.

Proposition 13.1 Let A : X — X be bounded. Then T; = e (defined as
et = STt A" /n!) is a semigroup that is continuous in the norm topology.

Proof. This follows easily from the functional calculus for operators. |

We say T; is strongly continuous at t = 0 if ||Tix — z|| — 0 as t — 0 for
all v € X.

Proposition 13.2 Suppose T} is a strongly continuous semigroup at 0.
(1) There exists b and k such that ||Ti|| < be.
(2) Tyx is strongly continuous in t for all z € X.

Proof. We claim ||7;|| is bounded near 0. If not, there exists t; — 0 such that
|3, || — oo. By the uniform boundedness principle, T;;2 cannot converge to
x for all x, a contradiction to strong continuity. So there exists a, b such that
T < b for t <a.

Write t = na +r. Ty =TT, so
T < NTall"I 7] < 07 < be™

with k = élog b.
(2) Tyx — Tyx = T[T, _sx — x], so

[Tew — Tox|| < Tl Th-sz — 2] = 0.

Suppose D is dense in X and A : D — X is closed. z € p(A), the resolvent
set, if z — A maps D = D(A) one-to-one onto X. Thus p(A) = o(A)¢. Write
R(z) =R, = (2 — A~



13.1. STRONGLY CONTINUOUS SEMIGROUPS 163

Since A is closed, then R, is closed. To see this, suppose z,, — x and
Yn = R,z, — y. Then

Ayp = 2yn — (2 — A)yp = 2yn — T, = 2y — .
Since A is closed, y € D(A) and Ay = zy — x, or (2 — A)y = z. So y = R.x,
which proves R, is closed.

R, is defined on all of X, so by the closed graph theorem, R, is a bounded
operator.

Let T be a strongly continuous one parameter semigroup. The infinitesi-
mal generator A is defined by

where we mean that the difference of the two sides goes to 0 in norm. The
domain of A consists of those x for which the strong limit exists.

As an example, with T} defined by (13.1), if f € C? vanishes at infinity,
then using Taylor’s theorem,

T/ = /@) _1 Jurw - @)

+ 1@ [-a)

1

2
1

\V2mh

e—(y—z)%/2h dy

3

e~ wr?/2n g

1 2
4+ Ly / )2 o—w—2)2/2h
31(@) [ (y )\/ﬁ y
1 2
+ [ E(h e~ wma)/2h g
(h) o Y
= 5f"(x) + E(h)/h — 5f"(z),

where E(h) is a remainder term that goes to 0 faster than h; we used standard
facts about the Gaussian density. One can improve the above to show that
the convergence is uniform, and we can then conclude that C* C D(A) and

Af=1p".

Proposition 13.3 (1) A commutes with T; in the sense that if x € D(A),
then Tyx € D(A) and ATz = Ty Ax.
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(2) D(A) is dense in X.
(3) D(A™) is dense.
(4) A is closed.

(5) If ||Ti|| < be* and Rez > k, then z € p(A). The resolvent of A is the
Laplace transform of Ty.

Proof. (1)

n TR T Th
If x € D(A), the middle term converges to T;Az. So the limit exists in the
third term, and therefore Tyx € D(A). Moreover %Ttx =T, Az = ATx.

(2) We claim

Tivn — T, T, — 1 T, — 1
t+h t T h _ h El'

t
Ttx—x:A/ T.x ds.
0

To see this, Tix is a continuous function of s. Using a Riemann sum approx-

imation,
T,—1 [! 1 [
h / T.xds = — / [Ty pr — Tsx]ds
0 0

h h
t+h h
:1/ Tsxds—l/ Tex ds
hJy h Jo
— Tz — x.

So fg Tsxds € D(A). But %fg Tsxds — x.
(3) Let ¢ be C* and supported in (0,1). Let

1
x¢:/ o(s)Tsx ds.
0
Then
1 1 1
Aa:¢:/ qb(s)ATsxds:/ gb(s)%Tsxds:—/ &' (s)Tsz ds
0 0 0

by integration by parts. Repeating, x4 € D(A"). Now take ¢; approximating
the identity.
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(4) Tix —x = fot TsAxds: To see this, both are 0 at 0. The derivative
on the left is T; Az, which is the same as the derivative on the right. Let
x, € D(A), x,, > x, Ax,, — y. Then

t t
Tix, — x, = / T, Az, ds — / T,y ds.
0 0

The left hand term converges to T;x — x. Divide by t and let t — 0. The
right hand side converges to y. Therefore x € D(A) and Az = y.

(5) Let
L(z)x = / e *Tsx ds.
0

The Riemann integral converges when Re z > k.
LGl < [ bt o ds < o]
~—Jo ~ Rez—k

We claim L(z) = R,. Check that e~ *'T; is also a semigroup with infinitesimal
generator A — z1.

Hence .
e AT, —x = (A - zI) / e **Tyxds.
0
As t — oo, the left hand side tends to —x and the right hand side tends to
(A — zI)L(z)x. Since A is closed, x = (2 — A)L(z)z. So L(z) is the right

inverse of (2 — A). Similarly, we see that it is also the left inverse. O

13.2 (Generation of semigroups

Proposition 13.4 A strongly continuous semigroup of operators is uniquely
defined by its infinitesimal generator.

Proof. If ST have the same generator, let x € D(A) and

d
EStTS—t:E = S(t)ATS_tx — StATS_tI' =0.
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Therefore s g
0= / — S5, Ts_rxdr = SsTox — SoTsz,
o dr
or Sgx = Tsx. Now use the fact that D(A) is dense. m

T; is a contraction if ||T;|| < 1 for all ¢.

Proposition 13.5 The infinitesimal generator of a strongly continuous
semigroup of contractions has (0,00) C p(A) and

_ 1
1Bl =TT = A7 < £ (13.2)
Proof. We already did this: this is the case b =1,k = 0. We have
1
L < — Mzl
2] < eyl
i

Proposition 13.6 Suppose B is an extension of A and there exists X €
p(A) N p(B). Then A = B.

Proof. Suppose z € D(B) \ D(A). We know (A — B)x € X, so
(A—A)"Y\ - B)r € D(A) C D(B).
Then
A=BA=A)"'"A=Bz=N-A)\—-A) (A= B)z=(A— B)z.
Hit both sides with (A—B)~! to obtain (A\—A)"'(A\—B)x = z. Sox € D(A),

a contradiction. |

Theorem 13.7 (Hille-Yosida theorem) Let A be a densely defined unbound-
ed operator such that (0,00) C p(A) and

1
1Bl = A = A)7H| <+ (13.3)

Then A is the infinitesimal generator of a strongly continuous semigroup of
contractions.



13.2. GENERATION OF SEMIGROUPS 167

Note that saying (0,00) C p(A) implies that A — A is one-to-one and onto
from the domain of A to the Banach space, which means the range of A — A
is all of the Banach space.

Proof. Note nR,, — I = R, A since R,(nl — A) = 1. Let A, = nAR,. Then
A, =n?R, —nl, so A, is a bounded operator. Define T,,(t) = e!4".
Step 1. We show nR,x — x for all z.

To prove this,

1
InBnz — 2| = [| B Al2)|| < ~[|l Az,

so the claim is true for z € D(A). Since ||nR,|| < 1 and D(A) is dense in X,
this proves the claim.

Step 2. We show that if x € D(A), then A, (z) — A(x):

A,x =nAR,x = nR,Ar — Ax.

Step 3. We show that T,,(s)x converges for all x.
We have
21\m
—nt _n?R, —-n (n t) m
Tn(t) - etAn =€ te Rnt =€ t Z - m| (Rn) 9
so [T, < e™e™ =1.
A, and A,, commute with 7,, and T,.

%Tn(s DT () = Tu(s — O)T(t)[ A — A

The norm of the right hand side is bounded by ||A,z — A,,x||. So
T (s)x — Th(s)x|| < s||Apx — Apz|| — 0

as n, m — 0o. Therefore T),(s)z converges, say, to Tsx, uniformly in s. D(A)
is dense so this holds for all x.

T,(s) is a strongly continuous semigroup of contractions, so the same holds
for T5.



168 CHAPTER 13. SEMIGROUPS

Step 4. It remains to show that A is the infinitesimal generator of T. We
have

t
T,(t)x —xz = / T, (s)Anz ds.
0

If € D(A), we can let n — oo to get
t
Ttx—x:/ T, Ax ds.
0

If B is the generator of T', dividing by ¢ and letting t — 0, we get D(A) C
D(B) and B = A on D(A). So B is an extension of A. If A > 0, then
A € p(A), p(B), which implies B cannot be a proper extension by Proposition
13.6. O

13.3 Perturbation of semigroups

Lemma 13.8 (Lumer-Phillips) Let A be densely defined in a Hilbert space B
and suppose (0,00) C p(A). Then ||Ry|| < 1/X if and only if Re (z, Az) <0
for all x € D(A).

If the last property holds, we say A is dissipative. An example is the
Laplacian:

tan) = [ 1= [1vi@P s <o

by integration by parts. Another example is if
"0 of
Af(z) = _< ()2 ) .
1) =3 g (60350 @
To verify this, we again use integration by parts.

Proof. Suppose
_ 1
IAT = A)~hu)* < EIIUIIZ-
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Let z = (Al — A)~u. So
1
(x,z) < ﬁ(kx — Az, \x — Ax).
This becomes
1
2Re (z, Ax) = (z, Az) + (Az,x) < X||Ax||2

This is true for all A, so let A — oo.

For the converse,

(x, Ax) + (Ax,z) = 2Re (x, Az) <0 < || Az||?

>

for all A > 0. Now reverse the above steps. O

Theorem 13.9 (Trotter) Suppose A is the infinitesimal generator of a semi-
group of contractions in a Hilbert space. Let B be a densely defined dissipative
operator such that D(A) C D(B) and there exist b > 0 and a € (0,1) such
that

|Bz|| < al|Az|| + bljz]], =€ D(A).

Then A+ B (defined on D(A)) is the generator of a contraction semigroup.

Proof. First, A+ B is closed: Let x,, - z and y,, = (A + B)x, — y. So
Azn = Tm) = Yo = Ym — By — ),
and
[A(@n = zm) | < lyn — yml| + all Alzn — zm) || + bllzn — 2.

Since a < 1, then Az, converges. Therefore Bz, converges. A is closed, so
Az, — Azx. If x € D(A) C D(B),

|Bx,, — Bz|| < al|A,x — Azx|| + b||z, — z|| — 0.

Then (A+ B)x, — (A+ B)z.
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Next, A € p(A+ B): By the Lumer-Phillips lemma, A is dissipative. B is
also. So A + B is dissipative. By Lumer-Phillips,

Il < SN = (A+ Bl

One immediate consequence of this is that the operator A — (A + B) is
one-to-one. Another is that the range of A — (A + B) is closed, because if y,
is in the range and y, — vy, then y, = (A — (A + B))z, for some x,. The
inequality shows that ||z, — x| — 0. If 2, — x, then y = (A — (A + B))uz,
since A+ B is a closed operator. Therefore the range of (A 4+ B) — Al is
closed.

The range is X: if not, there exists v # 0 perpendicular to the range.
A — M\ is invertible, so there exists © € D(A) such that (A — Al)x = v. Then
v+ Bz is in the range, or (v + Bz,v) = 0. So ||v||*> + (Bx,v) = 0, or

lll* < | Bzl [|v]l,
and so ||v|| < ||Bz||. Then
Az — Azf| < || Bz|| < af| Az[| + b|z]|.
Squaring and use the fact that A is dissipative,
1Az ]| + N*[|2|* < || Az||* + 2ab|| Az | [|=[| + 0%l

This holds for all A > 0, so for A large enough, ||z|| = 0. So 2 = 0 and the
range is the whole space.

Now use the Hille-Yosida theorem. |

13.4 Groups of unitary operators

We prove Stone’s theorem.

Theorem 13.10 (1) Suppose A is self-adjoint and H is a Hilbert space.
There exists a strongly continuous group U(t) of unitary operators with in-
finitesimal generator i A.

(2) Given a strongly continuous group of unitary operators, the generator
is of the form 1A where A is self-adjoint.
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Proof. (1) We saw in our proof that the spectrum of an unbounded self-
adjoint operator is real that [|[(z—A)7!|| < 1/|Im z|. Soif A > 0 and z = —i),
then

1 1
A—iA)7Y = ||(iz —iA)7TY| = - A< = —.
=) = iz = i) = = A7) <€ e =
The resolvent set of ¢A contains the positive reals. So 1A and —iA satisfy
the Hille-Yosida theorem. Let U(t), V(t) be the respective semigroups.

V and U are inverses:

CUMV(E) = VWAV () — U(@iAV () = 0.

So U(t)V (t)x is independent of t. When ¢t = 0, we get . So U(t)V (t)x =«
if x € D(A). But D(A) is dense.

Both U and V' are contractions. Since U(t)V(t) = I, they must be norm
preserving. This is because

[zl = U@V @l < V()] <[],

so [lz|| = ||V (t)z| and similarly with U. Since they are invertible, they are
unitary. Define U(t) = V(—t) for t < 0.

(2) Let V(t) = U(—t). Then U(t) and V() are strongly continuous semi-
groups of contractions, and the infinitesimal generators are additive inverses.
So the generators are B, —B.

Since both B, —B are infinitesimal generators, all real numbers except 0
are in the resolvent set of B. Take x € D(B).

IU@)2|* = (U®)z,U(t)z) = ||=||*.
Take the derivative with respect to t:
(Bzx,z) + (z, Bx) = 0.
Letting A = —iB so that B = iA, we see that
(Az,z) = (z, Ax) (13.4)

for all z € D(A). Using (13.4) with x replaced by = +y and with z replaced
by y, we obtain

(Az,y) + (Ay, z) = (z, Ay) + (y, Az). (13.5)
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Replacing y by iy in (13.5),
Dividing this by ¢ and subtracting from (13.5) we have

(Az,y) = (z, Ay).

Therefore A is symmetric and A* is an extension of A. It follows that B*
is an extension of —B. We showed in the previous chapter that the adjoint
of (A\— B)™! was (A — B*)7!, and it follows that p(B*) = p(B). If z # 0 and
z € R, then z € p(B), so z € p(B*). Also z € p(—B). By Proposition 13.6
B* cannot be a proper extension of —B, hence B* = —B, and so A* = A, or
A is self-adjoint. |
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