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Abstract
In this paper, we continue the study begun by Kawohl and Sweers,
of the precise constant at which the elastic foundation supporting a
bending plate can allow lift-off in case of downward loading. We provide a number of numerical results and a rigorous result on a different
counter-example to the one suggested in [15]. Important open problems are summarized at the conclusion.
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Introduction

For many years, the equation
∆2 u = f (x)

in Ω

(1.1)

has been studied as a model of the deflection of a plate shaped like a region
Ω in R2 under a load f (x).
How the plate is supported at the boundary determines the boundary
conditions. If the plate is clamped at the boundary, the conditions are
u=

∂u
=0
∂n

on ∂Ω .

(1.2)

One the other hand, if the plate is simply supported at the boundary
(analogous to hinged in one dimension), then the appropriate boundary conditions are
u = ∆2 u = 0
on ∂Ω .
(1.3)
The clamped boundary conditions have been the object of much study,
centered around the Bogglio-Hadamard conjecture (1908),[3, 4, 13, 14],
which suggested the physically intuitive result that if Ω is convex, then a
positive load f (x) should result in a positive deflection u(x). This proved not
to be the case, with counterexamples by Duffin, Garabedian, and Loewner,
[9, 10, 11]. The study of the general properties of ∆2 with clamped boundary
conditions continues to be an area of active research, [12].
One could be tempted to think there is nothing of interest in the case
of simply supported boundary conditions. After all, it is a simple example
of the maximum principle that if u solves equation (1.1) with (1.3), then
f > 0 implies u > 0 (since ∆v = f implies v < 0, and ∆u = v). However,
even in one dimension, the situation is not so simple. For example, in civil
engineering, one frequently studies the case of a simply supported beam
resting on a spring-like foundation. (Railroad engineers model soil as resisting
compression by Hooke’s law in this way, calling the foundation a Winkler
foundation, [16]). This results in an equation
uiv + bu = f (x)

(1.4)

on an interval (0, L). Here, the constant b represents the stiffness of the
resistance of the soil to compression. Then, the question of whether the
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linear operator with hinged-end boundary conditions is positivity-preserving
(denoted P-P) is equivalent to asking if the plate lifts off its foundation
under any load f . The result is surprising: if the spring constant is too big,
the beam can lift off, with positive downward loads f resulting in negative
(upward) solutions u.
Specifically, it was shown in [19], see also [15], that on the interval (0, L),
there is a constant bLO (L) such that if b > bLO (L), then lift-off occurs in
(1.4), whereas if b < bLO (L), then the equation is P-P and no lift-off occurs.
The method consists of explicitly calculating the Green’s function for the
interval (0, 1) and showing that it changes sign when b > 950.884.
It was only quite recently that the analogous question was asked for the
multi-dimensional case. In [17], the question of estimating the best constant
bLO (Ω) such that if b < bLO (Ω), then the equation
∆2 + bu = f (x)

(1.5)

is P-P was addressed. In addition, it was conjectured that among regions
of given area, the largest bLO (Ω) should occur for a ball. The reality proved
considerably more complicated.
The first significant progress on this question occurs in a paper by Kawohl
and Sweers, [15]. Here they prove a series of new results on the multidimensional case. Perhaps most important, they show that the set of b for
which equation (1.5) is P-P is an interval. A counterexample is given to the
aforementioned conjecture, with an extremely non-convex domain. It is also
shown that if Ω is a rectangle of sides L and 1/L, then lim inf L→∞ bLO (Ω) ≥
π2.
The method employed in this paper was also interesting. Instead of attacking the equation directly, the authors estimate bLO (Ω) from below by
estimating instead the positivity preserving properties of a different system
−∆u = f − λv
−∆v = f
u=v=0

in Ω ,
in Ω ,
on ∂Ω .

(1.6)

They show that there is a best possible constant λc (Ω) such that the
system (1.6) is P-P in f if λ ≤ λc (Ω). They also show that λc (Ω)2 ≤ bLO (Ω).
They then use techniques from probability to estimate λc (Ω) using the fact
that
λc (Ω) = (Eyx (τΩ ))−1 ,
(1.7)
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where Eyx (τΩ ) is the expectation for the lifetime of Brownian motion that is
conditioned to start at x, converge to y, and be killed when reaching the
boundary of Ω. They then used some estimates for Eyx (τΩ ), which occur first
in two dimensions in [6] and for three or more dimensions in [7].
In this paper, we continue their investigation in two ways. First, we
shall use the finite element package from MATLAB to perform numerical
experiments to estimate bLO (Ω) for a variety of different geometries.
Second, we give a new counter-example with new probabilistic proof for a
shape that at least to us seems more intuitive than the one presented in [15].
Since the original example was considered somewhat surprising in probability
circles when first published, we believe that it is interesting that this new
shape should occur so naturally in this new context.
These calculations lead to many interesting unsolved problems which we
will summarize in the last section.
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Numerical evidence

In this section, we summarize what we have been able to conclude from
numerical experiments. The idea is fairly crude but effective. Fix a region
Ω ⊂ R2 such that |Ω| = 1. Fix a value for b in equation (1.5). Impose a
triangulated grid on the region. Impose a point load at one of the points on
the grid. (This plays the role of f .) Then check the resulting solution u(x)
of (1.5) at all points of the grid to see whether u changes sign. Loop over
all points of the grid. If u never changes sign, then we can conclude, modulo
numerical errors, that b < bLO (Ω). Otherwise, b > bLO (Ω).
Use a bisection algorithm to estimate bLO (Ω). Finally, repeat this huge
loop on a refined mesh to reduce the probability of numerical error. If the
numbers remain stable under repeated refinement, we can have some confidence that the results are reasonable. Now to the results.

2.1

Disc of unit area

In the case of the disc, originally conjectured to give the highest possible
constant, we have bLO (ΩL ) ≈ 1045.9. The best place to apply the point load,
to first see the lift-off, is as near as one can get to the circumference.
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2.2

Rectangles

Our next experiment is on the class of unit rectangles ΩL = [0, L] × [0, 1/L].
In this case, the largest value of bLO (ΩL ) occurs for the square, L = 1.
The value is approximately 884.6. In terms of orders of magnitude, this is
consistent with the calculated value of the unit interval in one dimension.
So far, this is consistent with the the conjecture. The only other analytic
information we have is that lim inf L→∞ bLO (ΩL ) ≥ π 2 , [15].
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Figure 1: Values of bLO for ΩL = [0, L] × [0, 1/L].
Figure 1 shows the values of bLO (ΩL ) as graphed. Note that the lower
bound π 2 appears to be unrealistically low. Two natural questions arise at
this point: first, can one find an analytic expression for the curve? And
second, can one give a better lower bound for lim inf L→∞ bLO (ΩL )?
We also observed in the course of these calculations that the “best” point
for imposing the point mass in order to get lift-off was at the corners.
Thus far, it might seem that the conjecture is still intact for convex domains. After all, the most symmetric region is the square, and this gives the
biggest lift-off constant. The next subsection investigates some other shapes
and gives an interesting counterexample.
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2.3

Other shapes and a counterexample

The first and most surprising new shape is the result for the pentagon. In
the case of this geometry, the figure was triangulated and a point load was
applied at the center of each triangle. We found that the best place to impose
the load was at the side of the pentagon, at approximately one eighth of its
length. The lift-off constant thus obtained was bLO (Ω) ≈ 1073.1. Of course,
this is significantly higher than the value for the circle. Further refinements
of the grid did not significantly change this constant.
This result leaves very much open the question of what shape will give the
best lift-off constant. The natural question is how this compares with other
regular polygons. Therefore, we checked the case of the regular hexagon
and octagon. For the hexagon of unit area, we obtained a lift-off constant
of bLO (Ω) ≈ 993.2 and for the octagon, bLO (Ω) ≈ 1022.1. In each case,
the point to apply the load was at a corner, and the lift-off occurred at the
opposite side.
For completeness, we also did the calculation for a right-angle triangle
with sides of length 1 and 2. Here the constant was bLO (Ω) ≈ 532.2.
Thus these calculations leave us with no clear intuition as to what convex
shape will give the largest lift-off constant. It is also unclear, given any
shape, how to characterize the point at which the applied load gives first
lift-off. Presumably, it is always at the boundary but sometimes at a corner
and sometimes at a straight edge.
As shown in [15], from probability, one can obtain a shape of measure
one such that bLO (Ω) can be as large as desired. Our work with the long thin
rectangle gave us the insight to construct a different example.
The central idea of this new counterexample to the (nonconvex) McKennaWalter conjecture, (now of course totally in ruins) is that a small long thin
rectangle produces a lift-off constant that goes to ∞. Thus it is natural
to assemble a comb-like geometry, in which each segment is a very small
thin rectangle linked together so that the only way to produce lift-off in one
segment is to go round a corner of the comb. Such an example is shown
in Figure 2 (d). The lift-off constant was estimated at a relatively large
bLO (Ω) ≈ 2993.9.
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Figure 2: Various shapes of domains Ω.
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A rigorous proof for lift-off for the comb

As remarked in the introduction, we shall estimate bLO (Ω) from below by
estimating τ as the lifetime of Brownian motion killed on exiting D − {y}.
Let
Γ(D) = sup Exy τ
x,y∈D

be the supremum of the expected lifetime of Brownian motion started at x
and conditioned to go to y.
Saying the boundary Harnack principle holds in a domain D0 means the
following. Given a compact set K contained in an open set V and x0 ∈ V ,
there exists c0 such that if u and v are positive harmonic functions in D0
that vanish continuously on V ∩ ∂D0 , then
u(x)
u(x0 )
≤ c0
,
v(x)
v(x0 )

x ∈ K ∩ D0 .

We know that a boundary Harnack principle holds in Lipschitz domains.
Since we are in two dimensions, an easy conformal mapping argument shows
8

Shape of the domain Ω

computed bLO (Ω)

Equilateral triangle
Square
Regular pentagon
Regular hexagon
Regular octagon
Disk

917.9
884.6
1073.1
993.2
1022.1
1045.9

Right-angle triangle, sides 1 and 2
Shape in Figure 2 (a)
Shape in Figure 2 (b)
Shape in Figure 2 (c)
Comb—Figure 2 (d)

532.2
760.6
919.8
1044.5
2993.9

Table 1: Approximate values of bLO for various domains Ω ⊂ R2 with unit
area.
that a boundary Harnack principle also holds when the domain is a disk
minus two line segments.
Theorem 1 Given  > 0 there exists a subdomain D of (0, 1)2 such that
(0, 1)2 − D has Lebesgue measure 0 but Γ(D) < .
Proof: Let L > 0 be an integer, let Ei = {(x1 , x2 ) : x1 = i/L, 0 < x2 <
1 − (1/L)}, and
L−1
D = (0, 1)2 − ∪i=1
Ei .
We call D a comb. Clearly the Lebesgue measure of (0, 1)2 − D = 0, and we
need to show that Γ(D) will be small if L is large.
Let
p
Fi = {(x1 , x2 ) : i/L < x1 < (i + 1)/L, 0 < x2 < 1 − 1/L}.
Let g( x, y) be the Green function for D. Set
gy (x, z) =

g(x, z)g(z, y)
,
g(x, y)

(3.2)

so that gy (x, z) is the Green function for Brownian motion in D − {y} conditioned to exit at y. Then
Z
x
Ey τ =
gy (x, z)dz.
D
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By [2], we have
gy (x, z) ≤ c1 [1 + log+ (1/|x − z|) + log+ (1/|y − z|)],

(3.1)

where c1 does not depend on L.
Fix x and y in D. Applying the boundary Harnack principle to gy (x, z)
in appropriate subdomains, we may without loss of generality suppose that
x1 6= i/L for any i and similarly for y. If x ∈ Fi for some i, let ix be the value
of i for which this holds. If x is not in any Fi , let ix be the value of i for which
x − (0, 1/2) is in Fi . We define iy similarly. We know that
p when L is large,
the Lebesgue measure of C = {x1 , x2 ) : 0 < x1 < 1, 1 − 1/L < x2 < 1} is
small. Using (3.1), the integral of gy (x, z) over C ∪ (∪j=−2,+2 (Fix +j ∪ Fiy +j ))
can be made as small as we like by taking L large. We complete the proof by
showing that if z ∈
/ C ∪ (∪j=−2,+2 (Fix +j ∪ Fiy +j )), then gy (x, z) will be small
when L is large.
, 1 − L2 ) and yi = ( 2i+1
, 1 − 7/4
). Let
Suppose z ∈ Fi and let xi = ( 2i+1
2L
2L
L
T be the first time conditioned Brownian motion Wt hits the line segment
{y = 1 − L2 } ∩ Fi . By the strong Markov property and the fact that gy is
harmonic for conditioned Brownian motion as long as we are away from y
and z,
gy (x, z) ≤ Ex gy (WT , z).
By the boundary Harnack principle applied in the ball of radius 2/L centered at xi intersected with D, Ex gy (WT , z) is bounded by a constant times
gy (xi , z). Now gy (xi , z) = gxi (y, z) is also the Green function for Brownian
motion started at y conditioned to exit D − {xi } at xi . So using the strong
Markov property and boundary Harnack principle and arguing as above, it
suffices to obtain a bound on gxi (yi , z).
Now g(xi , yi ) is larger than the Green function for B(xi , L/2) evaluated
at xi and yi , and by scaling this is larger than c2 . Let S be the first time
Brownian motion hits the ball of radius L/4 about xi . If w is on the boundary
of this ball, then g(w, xi ) is less than the the Green function for the ball of
radius 2 centered at xi evaluated at xi and w, and so g(w, xi ) ≤ c2 log(1/L).
By the strong Markov property and the fact that g is harmonic away from
xi ,
g(z, xi ) ≤ Ez (g(WS , xi ); S < τ ) ≤ c2 log(1/L)Pz (S < τ ),
and similarly for g(y, zi ). But p
Fi is a strip of width 1/L and the distance
between x and zi is at least c3 / 1/L. Using Lemma III.1.5 of [1],
g(x, zi ) ≤ c4 log(1/L)e
10

1
−c5 √1 / L
L

.

We have a similar estimate for g(y, zi ). This, of course, can be made as small
as we like by taking L large enough.
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Conclusions and open questions

There remain several interesting open questions about which we have little
intuition at present.
The most compelling of these is the question of the optimal shape of
fixed area that will give the smallest lift-off constant. Clearly, the original
conjecture, which might have survived the counterexample of [15] is now in
ruins and it is not clear what would make a compelling replacement. More
computational experiments are in order.
A second natural question is how to give better rigorous estimates for
the lift-off constant from below. The existing method of Kawohl and Sweers
gives lower estimates which are indeed very low. For example, for the long
thin rectangle, Kawohl and Sweers can prove the probabilistic estimate that
in the infinite limit, the curve in Figure 1 is bounded below by π 2 , while the
computational evidence suggests something of the order of 400.
A third pressing need is to find upper bounds for the lift-off constant.
So far, nothing is known. It should be possible to provide estimates in terms
of the in-radius of the domain Ω. We can prove upper bounds on λc (Ω) in
terms of the inradius, but do not know if this implies anything about upper
bounds for bLO (Ω).
Finally, it may also be possible to say more about the best point to apply
a load in the region Ω in order to induce lift-off for values of b close to bLO Ω.
It seems clear that such a point should be at the boundary, though where at
the boundary is not clear.
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[13] Hadamard, J., Mémoire sur le problème d’analyse relatif à léquilibre des
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