Probab. Theory Relat. Fields (2010) 146:1-47
DOI 10.1007/s00440-008-0182-6

Stationary distributions for diffusions with inert drift

Richard F. Bass - Krzysztof Burdzy -
Zhen-Qing Chen - Martin Hairer

Received: 25 April 2008 / Revised: 5 October 2008 / Published online: 4 November 2008
© Springer-Verlag 2008

Abstract Consider reflecting Brownian motion in a bounded domain in R¢ that
acquires drift in proportion to the amount of local time spent on the boundary of the
domain. We show that the stationary distribution for the joint law of the position of
the reflecting Brownian motion and the value of the drift vector has a product form.
Moreover, the first component is uniformly distributed on the domain, and the second
component has a Gaussian distribution. We also consider more general reflecting
diffusions with inert drift as well as processes where the drift is given in terms of the
gradient of a potential.
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2 R. F. Bass et al.

1 Introduction

This article is concerned with the higher dimensional version of a one-dimensional
model originally introduced by Knight [22] and studied in more detail in [34,35].
Computer simulations presented in [9] led to the conjecture that the stationary distri-
bution for this higher dimensional process has a certain interesting structure. We prove
this conjecture, and moreover answer questions about the stationary distribution left
open in [9].

We start with a presentation of the model in a simple case, that of [9]. We consider a
bounded smooth domain D C R? and reflecting Brownian motion X, in D with drift
K. Let B; be d-dimensional Brownian motion, n(x) be the unit inward normal vector
of D at x € dD and let L; be the local time of X on dD, that is, a nondecreasing
one-dimensional process with continuous paths that increases only when X; € dD.
The pair of processes (X, K) has the following representation:

Xi = Xo+ B, + f[yn(X;)dLy + [; K ds,
K: =Ko+ [y n(X)dLs,

with (X;, K;) € D x R4 for all ¢+ > 0. Note that X, is reflecting Brownian motion
in D with normal reflection at the boundary and with drift K;, K; is an R4-valued
process that represents the accumulated local time on the boundary in the direction
normal to the boundary, and the drift K; does not change when X, is in the interior
of D. We call the process K “inert drift” because it plays a role analogous to the
inert particle in Knight’s original model [22] in one dimension. The main simulation
result of [9], which is done for a flat two-dimensional torus with a closed subset A
removed from its center, where A is either a disk, an ellipse or a square, suggests that
a stationary distribution for (X, K) exists and has a product form, i.e., that X; and
K; are independent for each time ¢ under the stationary distribution. Moreover, the
first component of the stationary distribution is the uniform probability measure on
D. We prove rigorously in this paper that this indeed holds, and we further show that
the second component of the stationary distribution is Gaussian.

The product form of the stationary distribution was initially a mystery to us, espe-
cially since the components X and K of the vector (X, K) are not Markov processes.
There are models known in mathematical physics where the stationary distribution of
a Markov process has a product form although each component of the Markov pro-
cess is not a Markov process itself. Examples may be found in Chapter VIII of [24],
in particular, Theorem 2.1 on page 380. As we will see at the beginning of Sect. 4,
the product form of the stationary distribution in our model comes naturally from a
computation with infinitesimal generators.

When d = 1 and D is a finite interval in R, it is shown in [10,34] that the process
K, when time-changed by the local time L, has a Gaussian stationary distribution. The
results of the present paper yield as a special case that the process K under its original
time clock also has a Gaussian stationary distribution. Moreover, we show that if the
inward normal vector field n in the equation for K is replaced by I'n for some constant
symmetric positive definite matrix I", (X, K') continues to have a product form for the
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Stationary distributions for diffusions with inert drift 3

stationary distribution, but this time the component K has a Gaussian distribution with
covariance matrix I".

The main goal of this paper is to address the existence and uniqueness of the
stationary distribution of normally reflecting Brownian motion with inert drift and to
give an explicit formula for the stationary distribution. We also consider a larger class
of reflecting diffusions, including what is sometimes known as distorted reflecting
Brownian motion—see Theorem 5.2 below. Distorted reflected Brownian motion is
the reflecting diffusion with generator % V(pV) for a suitable function p.

We start by showing in Sect. 2 the weak existence and weak uniqueness of solu-
tions to an SDE representing a large family of diffusions with reflection and inert drift.
More specifically, let p be a C? function on D that is bounded between two positive
constants and A(x) = (a;; (x))nxn be a matrix-valued function on R4 that is symme-
tric, uniformly positive definite, and each a;; is bounded and C? on D. The vector
u(x) := A(x)n(x) is called the conormal vector at x € 9D. Let o(x) = (0;;(x)) be
the positive symmetric square root of A (x). For notational convenience, we sometimes
use 0; to denote 6_?5, For ¢ € C2(RY), let

d
1
Lo(x) = —— 3 (p(x)aij(x)dj(x)) . (1.1)
2,0()(?) ijzzl ! ( 1] J )
Let b(x) be the vector whose k" component is

d
1
bi(x) = 5 z diair(x).
i=1

Let B be standard d-dimensional Brownian motion and v a bounded measu@ble vector
field on 9 D. Consider the following diffusion process X taking values in D such that
forall t > 0,

dX; =o(X;)dB; +b(X;)dt + %(AVlog p)(Xdt +u(X;)dL; + K, dt,
t — L, is continuous and non-decreasing with L; = fot 1,p(Xs)dLy, (1.2)
th = V(X[)st.

In Theorem 2.1, we show that the above stochastic differential equation (SDE) has a
unique weak solution (X, K) for every starting point (xo, ko) € D x R?. The solution
(X, K) of (1.2) is called a (symmetric) reflecting diffusion on D with inert drift. Let
X9 be symmetric reflecting diffusion on D with infinitesimal generator £ in (1.1); that
is, X" is a continuous process taking values in D such that for every ¢ > 0,

(1.3)

dX? = o(X?)dB, +b(X?)dt + L(AVIog p)(X))dt +u(X?)dL?,
t — LY is continuous and non-decreasing with L = [J 15p(X?) dL?.
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4 R. F. Bass et al.

The continuous non-decreasing process L is called the boundary local time of X°.
When o is the identity matrix, X" is distorted reflecting Brownian motion on D. The
main observation of Sect. 2 is that the reflecting diffusion (X, K) with inert drift can
be obtained from the reflecting diffusion (X 0 Ko+ Jo n(x%d L?) without inert drift
by a suitable Girsanov transform, and vice versa. A further change of measure (see
Theorem 2.3) shows that, if ¢ is a bounded R?-valued function on D, the following
SDE with “generalized inert drift”:

t — L, is continuous and non- decreasmg with L, = fo 1;p(X,)dLy, (1.4)
th = V(Xt)st + C(Xt)dt,

has a unique weak solution (X, K) taking values in D x R4 for every starting point
(x0, ko) € D x R4,

The questions of strong existence and strong uniqueness for solutions to (1.2) are
discussed in Sect. 3. They are resolved positively under the additional assumption that
v = apu for some constant ap € R. This section uses some ideas and results from
[25], but the main idea of our argument is different from the one in that paper, and we
believe ours is somewhat simpler.

In Sect. 4 we consider symmetric diffusions with drift given as the gradient of
a potential. We do this because the analysis of the stationary distribution is much
easier in the case of a smooth potential than the “singular” potential representing
reflection on the boundary of a domain. More specifically, let " be a symmetric positive
definite constant d x d-matrix and V € C'(D) tending to infinity in a suitable way
as x approaches the boundary d D. Consider the following diffusion process X on D
associated with generator £ = 1eV'V (eV AV) but with an additional “inert” drift
K;:

dX; =0(X;)dB; +b(X;)dt — %(AVV)(X,)dt + K; dt, (1.5)
dK, = =T VV(X,)dt. '

Here A = A(x) = 07 o is ad x d matrix-valued function that is uniformly elliptic and
bounded, with 0;; € C! (D). Note that Eq. (1.5) is missing the term u(X;) d L, which
is present in (1.2). This is because the process defined in (1.5) never hits the boundary
of the domain. We show in Theorem 4.3 that if e=V/% ¢ WOl ’2(D), then the SDE
(1.5) has a unique conservative solution (X, K) which has a stationary probability
distribution

n(dx,dy) = ci1p(x)e V™ e~ T gy dy.
In other words, (X, K) has a product form stationary distribution, with ¢ e~V dx in
the X component, and a Gaussian distribution with covariance matrix I' in the K

component. Observe that ¢ e~" dx with normalizing constant ¢ > 0 is the statio-
nary distribution for the conservative symmetric diffusion X° in D with generator
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Stationary distributions for diffusions with inert drift 5

%eVV(e_VAV). The uniqueness of the stationary measure for solutions of (1.5) is
addressed in Proposition 4.8 under much stronger conditions.

In Sect. 5, we prove weak convergence of a sequence of solutions of (1.5) to
symmetric reflecting diffusions with inert drift given by (1.2) where p = landv =T'n
for some symmetric positive definite constant matrix I". This implies

w(dx, dy) = calp(x) e~ T dx dy

is a stationary distribution for solutions (X, K) of (1.2) with p = 1 and v = I'nm;
see Theorem 5.2. Observe that c3 1p(x) dx with ¢3 > 0 being a normalizing constant
is the stationary distribution for the symmetric reflecting diffusion X° on D with
generator % V(AV) in (1.3). If one prefers to have a stationary measure of the form

w(dx,dy) = c31p(x)p(x) e~ T gy dy, where c¢3 > 0 is a normalizing constant,
then one needs to consider the SDE (X, K) with generalized inert drift (1.4) by taking
c(x) there to be I'V log p(x); see Theorem 5.2.

Finally, Sect. 6 completes our program by showing irreducibility in the sense of
Harris for reflecting diffusions with inert drift given by (1.2) under the assumption
that p = 1, v = I n for some symmetric positive definite constant matrix I, A is the
identity matrix, u = n, and b = 0. Uniqueness of the stationary distribution follows
from the irreducibility.

The level of generality of our results varies throughout the paper, for technical
reasons. We leave it as an open problem to prove a statement analogous to Theorem 6.2
in the general setting of Theorem 2.3. The calculation at the beginning of Sect. 4
indicates that in order for the solution (X, K) of (1.2) to have a product form stationary
distribution, the inert drift vector field v has to be of the form I' n for some symmetric
positive definite constant matrix I". We leave the verification of this conjecture as
another open problem.

Our model belongs to a family of processes with “reinforcement” surveyed by
Pemantle in [30]; see especially Sect. 6 of that survey and references therein. Papers
[4-6] study a process with a drift defined in terms of a “potential” and the “normalized”
occupation measure. While there is no direct relationship to our results, there are clear
similarities between that model and ours.

We are grateful to Boris Rozovskii and David White for very useful advice. We
also thank the referee for suggestions that significantly improved the substance and
presentation of this paper.

2 Weak existence and uniqueness

This section is devoted to weak existence and uniqueness of solutions to an SDE
representing a family of reflecting diffusions with inert drift.

Let D be abounded C2 domaininR?,d > 2, and denote by n the inward unit normal
vector field on 3 D. Throughout this paper, all vectors are column vectors. Let p be a C2
function on D that is bounded between two positive constants and A(x) = (a;; (X))nxn
be a matrix-valued function on R? that is symmetric, uniformly positive definite, and
each a;; is bounded and C 2 on D. The vector u(x) := A(x)n(x) is called the conormal
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6 R. F. Bass et al.

vector at x € dD. Clearly there exists c; > Osuchthatu(x)-n(x) > ¢y forallx € aD.
Let o (x) = (0j(x)) be the positive symmetric square root of A(x). Forg € C 2 (Rd ),
let

QU

Z (0(x)aij (x)9j9(x)) .
Let E(x) be the vector whose k'" component is
| d
b = — 0; i .
K@) = s ; i (p(X)aik (x))

Thus by is the same as £ operating on the function f;(x) = x;. Note that b =
b+ %AV log p.

Let B be a standard d-dimensional Brownian motion and v a bounded measurable
vector field on d D. Consider the following system of stochastic differential equations,
with the extra condition that X; € D forall ¢ > 0:

dX; = o (X;)dB, +b(X,)dt + w(X,)dL, + K, dt,
t — L, is continuous and non-decreasing with L; = fot 1,p(Xs)dLg, (2.1)
th = V(X[) dL[

The proof of the next theorem says that reflecting diffusions with inert drift can be
obtained from the corresponding symmetric reflecting diffusions without inert drift
by suitable Girsanov transforms, and vice versa.

Theorem 2.1 For every x € D and y € R? there exists a unique weak solution
{(X:, Ky), 1 € [0, 00)} 10 (2.1) with (Xo, Ko) = (x, y).

Proof Consider the following SDE,

[dx, = o(X,)dB, +b(X,)dt +u(X,)dL,, 02

t +— L; is continuous and non-decreasing with L; = fot 1;p(X5)dLy,

with X, € D for every ¢ > (. Weak existence and uniqueness of solutions to (2.2)
follow from [11] or Corollary 5.2 in [14], where the existence and uniqueness of a
strong solution are given (see also [15]). The distribution of the solution to (2.2) with
Xo = x € D will be denoted by P,.

Note that the remaining part of the proof uses only the C'-smoothness of the domain
and Lipschitz continuity of @;; and p. Let K; := y + fos v(X;)dLg and o~ (x) be the
inverse matrix of o (x). Define for ¢ > 0,

t

t
1
M, = exp /o—l(XoKSst - 5/|a—1<xs>1<s|2ds
0
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Stationary distributions for diffusions with inert drift 7

It is clear that M is a continuous positive local martingale with respect to the minimal
augmented filtration {F;,7 > 0} of X. Let 7,, = inf{r > 0 : |K;| > 2"}. Since
L; < ooforevery t < oo, P,-a.s., and |v| is uniformly bounded, we see that K; < 0o
for every t < oo, Py-a.s. Hence, Too := lim,_, o T, = 00, Py-a.s. For every n > 1,
{M1, s, Ft,t = 0} is a martingale.

Forx € D,y € R? and n > 1, define a new probability measure Q, y by

dQ,y = M7, dP; on Fr, foreveryn > 1.

It is routine to check this defines a probability measure Q, , on Feo. By the Girsanov
theorem (cf. [31]), the process

t
W, := B, —/a*‘(XS)KS ds,
0

is a Brownian motion up to time 7}, for every n > 1, under the measure Q, . Thus
we have from (2.2) that under Qyy, up to time T}, for every n > 1,

dX, = o(X,)dW, +b(X,)dt + u(X,)dL, + K, dt.

In other words, {(X;, K;), 0 <t < Too} under the measure Q, , is a weak solution of
(2.1).

We make a digression on the use of the strong Markov property. At this point in the
proof, we cannot claim that (X, K) is a strong Markov process. Note however that if
T is a finite stopping time, then (X7, K;4+7) is again a solution of (2.1) with initial
values (X7, K1). We can therefore use regular conditional probabilities as a technical
substitute for the strong Markov property; this technique has been described in great
detail in Remark 2.1 of [3], where we used the name “pseudo-strong Markov property.”
Throughout the remainder of this proof we will use the pseudo-strong Markov property
in place of the traditional strong Markov property and refer the reader to [3] for details.

We will next show that T, = 00, Q4 y-a.s., i.e., the process is conservative. This
is the same as saying | K| does not “explode” in finite time under Qy ,. The intuitive
reason why this should be true is the following. Consider a one-dimensional Brownian
motion starting at 1 with a very large constant negative drift of size ¢ and reflect it
at the origin. Then a simple calculation shows that the local time accumulated at the
origin by this process up to time 1 is also of order c. This suggests that if K is very
large, the local time accumulated in a time interval of order 1 by X on the boundary
a D will be approximately proportional to K. Since this feeds back into the right hand
side of the definition of K in (2.1), one would expect K to grow at most exponentially
fast in time.

Consider ¢ = 27/ > 0 where j > 1 is an integer. Our argument applies only to
small ¢ > 0 so we will now impose some assumptions on ¢. Consider xo € d D and let
C Sy, be an orthonormal coordinate system such that xo = 0 in CSy, and the positive
part of the dth axis contains n(xp). Let np = n(xg). Recall that D has a C ! boundary
and that there exists ¢; > 0 such that u(x) - n(x) > c¢; for all x € dD. Hence there
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8 R. F. Bass et al.

exist &g > 0 and ¢y > 0, such that for all ¢ € (0, gg), every xg € dD and all points
x = (x1,...,X%Xq3) € dDN B(xp, (6/ca+5)¢), we have |x4| < ¢/2 andu(x) -ng > ¢y,
in CSy,. Since |v(x)| < ¢3 < oo for all x € 9D, we can make gy > O smaller, if
necessary, so that (2¢2)/(c3e) — S5¢ > e for all ¢ € (0, go].

Let
So =inf{t > 0: |K;| > 1/¢},
Sp+1 = inf{t > S, : | |K(| — |Ks,[| = (6¢c3/c2)e}, n > 0.
We will estimate Qy y(Sy41 — Sy > &2 | Fs,) forn = 0,...,[e72c2/(6¢c3)]. Note

that X5, € d.D for every n because K does not change when X is in the interior of the
domain. Note also that |Kg,| < 2/¢ forevery n < 722/ (6¢3) by construction.
Forn > 0, let

S+t Sp+t
™ = / o (Xs)dWy + / b(X;) ds,
Sn Sn

Fy

sup Y| <el.
te[0,62]

It is standard to show that there exist g9, pp > 0, not depending on n, such that if
& < &, then

Qx,y(Fn | ]:S,,) = Do-

Let
Ry, = (S, + &%) Ainf{r > S, : |K,| > 4/¢)}.

Suppose that the event F, holds. We will analyze the path of the process
{(X:, Kt), Sn <t < R,}. First, we will argue that X; € B(Xs,, (6/c2 + 5)¢) for
S, <t < R,. Suppose otherwise. Let Uy = inf{t > S, : X; ¢ B(Xs,, (6/c2 + 5)¢)}
and Up = supf{r < U; : X; € dD}. We have

U U
(6/ca +5)e = |XU1 — XSnl = Yy,-s, +/Kt dt +/ll(Xt) dL,|.
S’l S’l
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Stationary distributions for diffusions with inert drift 9

Soon F, N{U; < R},

Us Uy
/u(X,)st = /u(Xt)dL,
Sn Sn

Up
6/cs+ 5)e — Yy, s, + / K, dr

>
Sn
Sp+e?
> (6/cy +5)e — ¢ — / 4/edt
Sn
> (6/cy+5)e —e —4e

= (6/c2)e.

We will use the coordinate system C Sy, to make the following observations. The last

formula implies that the dth coordinate of f S(,{ 2u(X,)dL; is not less than 6¢. Hence
the dth coordinate of X, must be greater than or equal to

Uy Sn+€2
6g — YU1_5n+/K,dt > 6 — & — / 4/edt > 66 —e —4de = ¢.
Sy Sn

This is a contradiction because Xy, € 9D and the dth coordinate for all x € 9D N
B(Xs,, (6/c2+5)¢) is bounded by £/2. So on F),, we have X; € B(Xs,, (6/c2+5)¢)
fort € [Sy, Ryl

We will use a similar argument to show that R, = S, + &> on F,,. Suppose that
R, < S, +¢&>. Then S, < R, and |Kg,| = 4/e. Let U3 = sup{t < R, : X, € dD}.

The definition of S, implies that Kg, <2/¢ forn < [e72¢2/(6¢3)]. We have

Rll
/v(x,) dL,| = |Kg, — Ks,| > 4/e — 2/ = 2/e.

Sn

Since |v(x)| < c¢3, we have Lg, — Ls, > 2/(c3e), so the dth coordinate of

fsfj" u(X;)dL,, whichisthe same as fslf u(X;) dL,,is bounded below by (2¢2)/(c3€).
But then on F),, the dth coordinate of X, must be greater than or equal to

Ry S,1+82
(2¢2)/(c38) — |YR,—s, +/K, dt| = 2c2)/(c38) — € — / 4/edt
Sn Sn

= (2¢2)/(c38) = 5¢ = &.
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10 R. F. Bass et al.

This is a contradiction because Xy, € 9D and the dth coordinate for all x € 9D N
B(xq, (6/c> 4+ 5)¢) is bounded by £/2. So on F,, we have R, = S, + g2,

We will now use the same idea to show that on Fy, Lg > — Ls, < (6/c2)e.
Assume that Lg, .2 — Ls, > (6/c2)e. Let Uy = sup{t < S, +¢&> : X; € aD}. The
dth coordinate of | 534 u(X;)dL, is bounded below by 6¢. But then on F,,, the dth
coordinate of Xy, must be greater than or equal to

R, Sy+-e?
6 — YR,,_S,,—l—/K,dt > 6 —¢e— / 4/edt > e.
Sn Sn

This is a contradiction because Xy, € 0D and the dth coordinate for all x € 9D N
B(xg, (6/c2> + 5)¢) is bounded by ¢/2. We see that if the event F), holds, then

Sn+82
1K, +e2|l = 1Ks, || = / IV(X)ldL; < c3(Lg, 2 — Ls,) < c3(6/c2)e.
Sn

Hence, if the event F,, holds, then S, 1 > S, + €2. We see that

Qx,y(Sn+1 > Sy +82 | -7:5,,) = Po-

Recall that we took ¢ = 27/ so that Sy = T;. The last estimate and the pseudo-
strong Markov property applied at stopping times S,, allow us to apply some estimates
known for a Bernoulli sequence with success probability pg to the sequence of events
{Sn+1 > Su + 82}. Specifically, there is some p; > 0 so that for all sufficiently small
e=2"7>0,

Quy(Tjs1 = Tj = (e2/(6¢3)) po/2 | Fr))
[e72c2/(6¢3)]
=Quy [ D (Sus1 = S0) = (c2/(6c3)po/2 | Fr,

n=0
g2 [e™2c2/(6¢3)]
> Quy m Z Lig, . =8,462) = P0/2 |-7'—Tj

n=0
= Pil.

Once again, we use an argument based on comparison with a Bernoulli sequence, this
time with success probability p;. We conclude that there are infinitely many n such
that Tj | — T; > (c2/(6¢3)) po/2, Qx, y-a.s. We conclude that T, = 00, Q4 y-a.s., SO
our process (X;, K;) is defined for all ¢ € [0, 00).
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Stationary distributions for diffusions with inert drift 11

Next we will prove weak uniqueness. Suppose that Q;’ y is the distribution of any
weak solution to (2.1) and define P, by

1
dP. = WdQ;'y on Fy, foreveryn > 1.

n

Reversing the argument in the first part of the proof, we conclude that X under P, solves
(2.2). It follows from the strong uniqueness for (2.2) that P, = Py, and, therefore,
;,y = Qx,y on F7,. Since this holds for all n, we see that Qﬁc’y =QyyonFyp. O

Remark 2.2 The assumptions that D is a bounded C? domain and that the a;;’s and p
are C2 on D are only used in the weak existence and uniqueness of the solution X to
(2.2). The remaining proof only requires that D be a bounded C' domain and that the
a;;’s and p are Lipschitz in D. In fact, when D is a bounded C! domain and the ¢; ;'S
and p are Lipschitz on D, the weak existence of solutions to (2.2) follows from [11] and
so we have the weak existence to the SDE (2.1). We believe the weak uniqueness for
solutions to (2.2) and consequently to (2.1) also holds under this weaker assumption
by an argument analogous to that in [2, Section 4]. However to give the full details
of the proof would take a significant number of pages, so we leave the details to the
reader.

We remarked earlier that if 7 is a finite stopping time, then (X,47, K;4+7) is again
a solution to (2.1) with starting point (X7, K7). This observation together with the
weak uniqueness of the solution to (2.1) implies that (X;, K;) is a strong Markov
process in the usual sense; cf. [1, Section 1.5].

For later use, we present a result on diffusions with “generalized inert drift.” Let
¢ be a bounded R?-valued function on D. Consider the following system of stochastic
differential equations with the extra condition that X; € D forallt > 0:

dX; = o(X,)dB, + b(X,)dt + u(X,)dL, + K, dt,
t +— L, is continuous and non-decreasing with L; = fot 1,p(Xs)dLg, (2.3)
dK[ = V(X[)st + C(X[)dt

Theorem 2.3 Under the conditions of this section and the assumption that ¢ is a
bounded R¥-valued function on D, for every x € D and y € R? there exists a unique
weak solution {(X;, K;), t € [0, 00)} to (2.3) with (Xo, Ko) = (x, y).

Proof Note that the weak existence and uniqueness for solution of (2.3) with
(X0, Ko) = (x, y) is equivalent to that for the solution of

t 13 1

X, =x+/0(XS)dBS+/§(Xs)ds+/u(Xs)dLs
0 0 0

t S t N

+/ y+/V(Xr)dLr ds+/ /c(Xr)dr ds, (2.4)

0 0 0 0
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12 R. F. Bass et al.

with X, € D. Similarly, the weak existence and uniqueness for the solution of (2.1)
with (Xo, Kg) = (x, y) is equivalent to that for the solution of

t t t

X, =x+/a(Xs)dBS+/B(Xs)ds+/u(Xs)dLs
0 0 0

t N

+ / v+ / v(X))dL, | ds. 25)

0 0

with X, € D. The solutions to (2.4) and (2.5) are related by a Girsanov transform.
Since ¢ is bounded, the result of this theorem follows from Theorem 2.1. O

3 Pathwise uniqueness

We will prove strong existence and strong uniqueness for solutions to (2.1) under
assumptions stronger than those in Sect. 2, namely, we will assume that the vector
field v is a fixed constant multiple of u. Throughout this section, D is a bounded C?
domain in R?, each a; j and p are C L1 on D and so the vector b in (2.1) is Lipschitz
continuous. Our approach to the strong existence and uniqueness for solutions to (2.1)
uses some ideas and results from [25], but the main idea of our argument is different
from the one in that paper, and we believe ours is somewhat simpler. It is probably
possible to produce a proof along the lines of [25], but a detailed version of that
argument adapted to our setting would be at least as long as the one we give here.

Theorem 3.1 Suppose that v = aou for some constant ap € R. For each (x,y) €
D x R4, there exists a unique strong solution {(X;, K;),t € [0, 00)} to (2.1) with
(Xo, Ko) = (x, y).

Proof When ag = 0, K, = Ko for every t > 0. In this case, the result follows from
[14] (as mentioned above there is a gap in the proof of Case 2 in [14]; we need only
Case 1). So without loss of generality, we assume ag # 0.

First we will prove pathwise uniqueness. Suppose that there exist two solutions
(X, K;) and (X, K), driven by the same Brownian motion B, starting with the same
initial values (Xo, Ko) = (X{,, K{,) = (x, y), and such that (X;, K;) # (X;, K/) for
some ¢t with positive probability.

We let A = 2A~!. The matrix-valued function Ax) = {Aij(X)}hi<i,j<d> X € R4,
is symmetric and such that x — A (x) is uniformly elliptic and in Cg. We have

u(x)"A(x) =n(x)T forevery x € dD. 3.1
Moreover, since the vector n(x) points inwards, there exists ¢; < oo such that

u(x) A (x —x') <cilx —x')? forx € 9D andx’ € D. (3.2)
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Stationary distributions for diffusions with inert drift 13

Let ¢co > 1 be such that

cz_lldxd < A(x) < calgxq forevery x € Rd, 3.3)

where I is the d x d-dimensional identity matrix. Define A := c%.

Let

1 t

U = / o (X)) dB: + / Bx,) dr,

0 0
t

V[ - /K[dt,

0

and define U/ and V/ in a similar way relative to X’.

We fix an arbitrary p; < 1 and an integer ko such that in ko Bernoulli trials with
success probability 1/2, at least ko /4 of them will occur with probability p; or greater.
Lett; = 1/ko.

Consider some ¢, ¢y > 0, and let

Ty =inf{t > 0:|X, — X,| > 0},
Ty = (Tr—1 + 1) Adnf{t > Ty 1 |X, — X|| Vv |U, — U]| > A lg)
Ainf{t > Timy o |Ly — Ly |V IL, — Ly | > co}, k> 2.

We will specity the values of ¢ and ¢ later in the proof.

Itis easy to see from (2.1) that it is impossible to have X, equal to X} on some random
interval [0, 7*], and at the same time U; # U/ or K; # K, for some ¢ € [0, T*].
Hence, with probability 1, U; = U, and K, = K| fort € [0, T1].

The idea of our pathwise uniqueness proof is as follows. Define

S = (T1 + 1/4) Ainf{t = Ty : (L, — L7,) Vv (L, — Ly,) = co/(411)}.

We will show that for any p; < 1 and integer ko = ko(p1) as defined above and every
>0,

P sup |X, — X|| <erko ) > p. (3.4)
€[0, 8]

As ¢ > 01is arbitrary, we have
P (X, = X; forevery t € [0, S]) = p; > 0,

which contradicts the definition of 77, in view of the remarks following the definition.
This contradiction proves the pathwise uniqueness.
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14 R. F. Bass et al.

Gronwall’s inequality says that if g(¢) is nonnegative and locally bounded and
gty <a+b fé g(s)ds, then g(t) < ae’. Suppose now that f is a nonnegative non-

decreasing function and g(¢) < f(t) + b fot g(s)ds. Applying Gronwall’s inequality
for ¢t <t witha = f(t1), we have

g(1) < f(1)e™. (3.5)
We apply the inequality with g(r) = |K, — K| and

f®) =|Kr, —Kp |+ sup (IXy — X;| +|Us — Uyl).

Ti<s<t
Since v = apu, we have fé u(X5)dLs = aiO(K, — Kp) and so
K, — Ko =a0(X; —x0 —U; — V),
and similarly for K’. Thus
K, — K =ayX;,— X, —U, +U -V, +V)),

and hence for t > Ty,

t
K — KJ| < 2laol | sup (X, — X!| + |Us — U;|>+/|1<s _K!|ds
Ty <s<t T
1

By (3.5), fort > T,

Ti<s<t

|K, — K]| < =T (2|a0| sup (|X5 — Xi| 4+ |Us — U] |)).

Recall that t; = 1/kg. It follows that Ty, — 71 < 1and e?%!(=T1) < g2la0l for s < Ty, .
The definition of the T}’s implies that

sup Xy — X\ <2 le and  sup Uy — U < AF e (3.6)

0<s<Ty 0<s<Ty
We obtain for r < T} with k < ko,
IK, — K| < 4e?%l|ag|2* e, (3.7)
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Stationary distributions for diffusions with inert drift 15
By Ito’s formula we have
X7, — X)) AMX )X —X7)—(Xp X7 VT AXg VX5, —X5 ) (3.8)
Tk
= / d ((Xe = XDTAXDX: = X))
Ti—1
Ty
=2 [ (= XD AKX~ a (X)) dB, (3.9)
Ti—1
Ty
) / (X, = X)T ACX)(B(X,) — B(X)) dr (3.10)
Ti—1
+2/(X,—X;)TA(X,)(K,—K;)dt (3.11)
Ti—1
Ty
2 / u(X)T AX) (X, — X)) dL, (3.12)
Ti—1
Ty
—Z/u(X;)TA(X,)(X,—X;)dL; (3.13)
Ti—1
/ Z(Xt— nT —A(X,)(X, X)) dXxi (3.14)
/ Z(Xt xp’ (——A(X,)) (X, = XD (X)) dt - (3.15)
Tk—l hj=1
Tx
Z (X’—(X)) i (X0 (XD (@ (X =0y (Xt (3.16)
Ty blmom=1
Ty d
+/ Z Lij (X)) (Oim(X1) — 0im (X)) (0jm (X;) — 0jm (X)) dt.  (3.17)
Ty b=l

We are now going to bound each of these terms individually in order to show that
(3.4) holds. Recall that & = ¢3 > 1. Taking c¢3 > 0 so that A1/3¢3 + 2743 < 1, it

follows from (3.3) that if
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16 R. F. Bass et al.

(X7, — Xp)"AX ) (X7, — X7) — (X, — X7 VAKX )X, — X )

< 32 2k=Dg2 (3.18)
and
(X7, — X5 | <3P, (3.19)
then
X7, — X | < A le, (3.20)

In view of our assumptions on A and o,

Ty
Var 2/(Xt—X;)TA(X,)(U(X,)—J(X;))dBt | Fr_,
Ti—1
T
<E C4/ sup |XS—X;|4dt ‘ka—l < cqn =Dy

Ti—1<5<Tx
T—1

We make #; > 0 smaller (and therefore kg larger), if necessary, so that by Doob’s and
Chebyshev’s inequalities,

T
P 2/(Xl—X;)TA(X,)(G(XI)—G(X;))dBl > (1/100)c32** Ve | Fp |
Ti—1

1
< —. 3.21
=100 (3.21)

We make #; > 0 smaller, if necessary, so that

Tk Ti
2/(Xt—X;)TA(X,)(ﬁ(X,)—B(X;))dt < s / X, —X| > dt (3.22)
Ti—1 Ti—1

< est 2K De? < (1/100)c322*Dg2,
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Stationary distributions for diffusions with inert drift 17

We use (3.7) and make #; > 0 smaller, if necessary, to obtain

Ty Ty
2/<xt—X;)TA(X,>(Kt—K;)dr <|cs / (X — XDTAX )N e dr
Ti_1 Ti—1

Tj
gm/ X, — XM e dr
Tk—1
< (1/100)c322*=Dg2, (3.23)

We now apply (3.2) and make co > 0 in the definition of 7} sufficiently small so that

Ty Ty
2 / u(X)"AX)(X; — XD dL; <2¢1 | X, — X[?dL
Ti_1 Ti—1
< (1/100)c322*=Dg2, (3.24)
We have
Ti
—Z/u(X;)TA(X,)(X,—X,’)dL;
Ti—1
Ty
=2 / uXHTAX)) (X, — X,)dL,
Ti—1
Ty
—2 / u(X)(AX) — AXDI(X, — X)) dL;,
Ti—1

so, by using (3.2) as before and making ¢y > 0 even smaller, we obtain the following
estimate,

Ty

-2 / uXHTAX) (X, — X)) dL,
Ti—1
Ty Ty
<2¢ / |X,—X;|2dL;+c8/ X, — X||>dL)]
Tri—1 Tk—1
< (1/100)c322*=D g2, (3.25)
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18 R. F. Bass et al.

We have
Ti

d
0 .
/ > % = X" LA (X, - X)) dX]
. 1
Ti—1 i=l

e g d
a .
= / > (X = XDT— AX)(Xi = X)) > 03 (X)) d B
. 1 .
Ti i=1 j=1

Ti d
’ 0 N (T i
+ / Z(Xr - Xt)Ta—xiA(Xt)(Xz = X)bi(Xy) + K;)dt

Ty =1
T d 3
4 / X = XDT - AKX, — XDu(X,) dL. (3.26)
i=1 dx;
Ti—1 "~

The three terms on the right hand side of the above formula can be estimated in the
same way as in (3.21), (3.22) and (3.25). Hence,

e g d
/ 0 / j
P [ XX oA (X=X) Y o (X0 dB]

Tioi i=1 j=1

> (1/100)c322* V2 | Fpy |

< — 3.27
= 100’ (3.27)

Tk d

/ Z(X,—X;)T%A(X:)(Xt—x;)@xxz)+K;'>dr < (1/100)c3**=De?,
Ty =1 i

(3.28)
T;

-

d
9 .
(Xt—x;)Ta—A(xt)(Xt—X;)u’ (X,)dL,| < (1/100)c322*=D g2,
‘ Xi
=1

Ti—y '

(3.29)
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Stationary distributions for diffusions with inert drift 19

The following estimate is completely analogous to (3.22), and may require that we
make 79 > 0 smaller,

/ 3 - X (——A(xa)(x,—X;><oz<xt)>,-,-dr

Ti—1 ij=1
Ty
+2 > - — Au(xnanm(Xt)(a,m(Xa — ojm(X))dt
Tio1 i,j,n,m=1
Tk d
+ / > M (XD ©@im (X)) = 0im (X)) (0jm(X:) — 0jm(X))) dt
Ti i,j,m=1
Ti
< 9 / IX, — X/ dt
Ti—1
< coti A2% D2 < (1/100) 302K D2, (3.30)

Combining (3.8)—(3.30), we see that conditioned on F7, ,, with probability 3/4 or
greater the following event holds:

(X7, = Xp)TAX 1) (X7, — X7) — (Xg, — X7 VT AX g (X7, — X7 )
< C3k2(k—1)82_

In view of (3.18)—(3.20), this implies that if (3.19) and the above display hold, then
X7, = X7,| < 2" le. (331)
Let
= (Tx—1 + t1) Ainf {t > Tt 0 | X, —le| > Ak_lg}_

By Doob’s inequality, if #{ > 0 is sufficiently small,

IP( sup  |Us — Ul = (1/2)2% 1 |]-'Tk1)§ 1/4. (3.32)

Ti—1<s<T}
Let
Fy={Tx = Ti—1 + 0} U{|Ly, = L, |V [Ly, — LT, | > co}.
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20 R. F. Bass et al.

By (3.31) and (3.32),
P(Fk | ]:Tk,]) = ]/2 (333)

Recall the definition of kg relative to p; € (0, 1). Repeated application of the strong
Markov property at the stopping times 7; and comparison with a Bernoulli sequence
prove that at least ko /4 of the events Fj will occur with probability p; or greater. This
implies that with probability p; or greater,

either Ty, — Ty > 1/4 or Ly, — L7, = co/(411) or L’Tko — L’T1 > co/(4t)).

From (3.6) and the definitions of 77 and S,

P sup |X, — X|| <erko ) >P(S <Ty) > pri.
tel0,S]

As ¢ > 0 is arbitrary, we have
P (X; = X, forevery 7 € [0, S]) = p; > 0,

which contradicts the definition of 77. This completes the proof of pathwise unique-
ness.

Strong existence follows from weak existence and pathwise uniqueness using a
standard argument; see [31, Section IX.1]. O

4 Diffusions with gradient drifts

This section is devoted to analysis of a diffusion with inert drift given as the gradient
of a potential. We will use such diffusions to approximate diffusions with reflection,
but the analysis of the stationary measure is easier in the case when the drift is smooth.
Let V be a C! function on D that goes to +oo sufficiently fast as x approaches the
boundary of D. We will consider the diffusion process on D associated with generator
L = eV V(e™V AV) but with an additional “inert” drift. More precisely, let T' be a
non-degenerate constant d x d-matrix. We consider the SDE

X A.1)
dK, =-irvv(x,ar,

’dX, =o0(X;)dB; +b(X;)dt — %(AVV)(X,) dt + K, dt,
where A = A(x) = (a;;) = olois uniformly elliptic and bounded. We assume that
o € CY(D)and b = (b1, ..., by) with bi(x) := %2;’:1 9;ai; (x). Note that, since
o € CY(D), V e C'(D) and b is bounded, (4.1) has a unique weak solution (X, K)
up to the time inf{r > 0 : X; ¢ D or K, = 00}.
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Stationary distributions for diffusions with inert drift 21

To find a candidate for the stationary distribution for (X, K), we will do some
computations with processes of the form f(X;, K;), where f € C 2(R24). We will
use the following notation,

9 9 T
fo(xvy):(ﬁf(xlv"'v-xdvylﬂ"'vyd)i"'vEf(xli""xdvylvn'syd)> )

i) 9 r
V)’f('x’y)z(_f(xlv"'7~xd’y17"'7yd)v~-~a af(-xl7--~v-xdayla~--ayd)) s

0
Ly fx, y)—_eV(x) Z (e_V(x)aij(x)Wf(X,y)),
J

0x;

1 0 0
Lfen=5 2. 3¢ (e—”x)ai,-mgj (V@ . y))) :

For f € C 2 (]RM ), by Ito’s formula, we have

df(th K;) =V, det

+V, fdK; + = UZIH—Ef(xl,...,xd,yl,...,yd>d<X’,Xf>,

1
= local martingale + (Exf +Vif- K — EVyf -I'V, V) dt.
So the process (X, K) has the generator

1
GfGe,y) =Lyfle,y)+y-Vaflx,y)— 51“ ViV(x)-Vyfx,y) (42)

forx € Dand y € RY.

We will now assume that (X, K) has a stationary measure of a special form. Then
we will do some calculations to find an explicit formula for the stationary measure,
and finally we will show that the calculations can be traced back to complete the proof
that the measure we started with is indeed the stationary distribution.

Suppose that (X, K) has a stationary distribution 7 of the form w(dx,dy) =
p1(x)p2(y)dx dy. Let G be defined by (4.2) and set D(G), the domain of G, to be
CZ(D x R?). It follows that G*7 = 0, in the sense that for every f € D(G),

/ Gf(x,y)m(dx,dy) =0.
R2d
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Then we have for every f € CS(D x R?), by the integration by parts formula,

0= / / (P1X)y - Vi £(ra ¥) + 1O La f (5, 3) di | pa () dy

R \D

1
—5/ /pz(y)FVxV(x)~Vyf(x,y)dy p1(x)dx

D \ Rrd

_ / / (=Vep100) - yf (ra 3) + L201 () £ (x. 9) dx | 02(3) dy
D

d

1
w5 [| [ revm vmoireondy | peds.
D Rd

This implies that

1
P2(y) (Vep1(x) -y — Lip1(x)) — FP1IT ViV (@) - Vyp2(y) =0

for (x, y) € D x RY. 4.3)

We now make an extra assumption that p(x) = ce™V ™) _Then we have
1
POV @)y + ST ViV(@) - Vypo(y) =0 for (x,y) € D x RY.

Since V (x) blows up as x approaches the boundary D, {V,V (x), x € D} spans
the whole of R?. (If not, there exists v € R? such that (v, VV(x)) < 0 for every
x € R?. One then gets a contradiction to the fact that there exists ry > 0 (possibly
ro = +o00) such that lim,_, ,, V (x + vr) = oo for every x € D.) So we must have

1
y+ EFTVy log p2(y) =0 foreveryy € RY. “4.4)

This implies that I" is symmetric. To see this, denote the entries of I by (y;;). Then
for every y = (y1, ...,yd)T eRYand 1 <i <d,we have by (4.4)

d
1 0
yi + 7 jz_‘;)/ija log p2(y) = 0.
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Taking the partial derivative with respect to yx yields

5+1i " g =0 i l=ik=d
ik _ Vii———log ;2 (y) = or every =1, = C.
i 24 Y9y v

This says that —%F is the inverse matrix of the Hessian of log p», which is symmetric,
and so is I'. We obtain from (4.4) that

Vylog p2(y) = —2r~'y for every y € RY.
Hence we have

log 2(y) = —(T' "y, y) +e1,

or
p2(y) = caexp (—(F‘ly, y)) :

The above calculations suggests that when I is a symmetric positive definite matrix,
the stationary distribution for the process (X, K) in (2.1) has the form

&3 1p() exp (V@) — (T7'y. ) dx dy.,

where c3 > 0 is the normalizing constant. This is made rigorous in the following
result. Recall that a process is said to be conservative if it does not explode in finite
time. In the present setting, since we consider processes taking values on D x R¢, this
means that the second component does not explode and that the first component does
not reach the boundary of D.

Theorem 4.1 Suppose that I is a symmetric positive definite matrix, each o;j is C Lon
D so that A = oL o is uniformly elliptic and bounded on D, and V is a C' potential
on D. Suppose that

7(dx, dy) == colp(x) exp (—V(x) —(rly, y)) dx dy

is a probability measure on D x R? such that the diffusion process of (4.1) with initial
distribution 1 is conservative. Then the process of (4.1) has w as a (possibly not
unique) stationary distribution.

Proof Let G be the operator defined by (4.2) with domain D(G) = C2(D x RY). The
above calculation shows that

/ Gf(x,y)n(dx,dy) =0 forevery f € D(G). 4.5)

D xR
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Let E := D x R? and E5 = E U {A} be the one-point compactification of E.
Recall G is defined by (4.2) with D(G) = CCZ(E). Since (4.5) holds, we have by
Theorem 9.17 in Chapter 4 of [16] that 7 is a stationary measure for some solution [P
to the martingale problem for (G, D(G)). In [16, Theorem 4.9.17], the measure P is
a probability measure on the product space EX+. However by [16, Corollary 4.3.7],
any solution of the martingale problem for (G, D(G)) has a modification with sample
paths in the Skorokhod space D(R ., Ea) of right continuous paths on E A having left
limits. Thus we can assume that [P is a D(R, Ea)-solution to the martingale problem
(G, D(G)) with stationary distribution 7. Let (X, K) denote the coordinate maps on
E A and set

¢ :=inf{t > 0:(X;, K;) = A}

We show next that {(X;, K;),t < ¢} under P is a solution to SDE (4.1) up to time ¢.
Let f(x,y) = g(x)h(y) with g € C>(D) and h € C2(R?). Then under P,

g(X)h(K;) = g(Xo)h(Kp) + martingale

t
+ / (h(szxf(Xs) (KK, - Veg(Xy)

0
- %g(XS)FVxV(XS) . Vyh(Ks)) ds. (4.6)

Here and below, we use the convention that for any function f on E, f(A) := 0. Let
D,, be subdomains of D increasing to D, let E,, = D,, x B(0, n), and let 7,, = inf{z :
(X:, Ky) ¢ En}. Suppose g € C2%(D). Let g, be a function in CCZ(D) that equals g on
D,, and h,, a function in CCZ(R") that equals 1 on B(0, n). Applying (4.6) to g, and
h,, we have, under PP, that

t
g(Xy) = g(Xp) + local martingale + / (Lig(Xs) + K - Vig(Xy)) ds 4.7
0

for 0 <t < t,. Letting n — 00, (4.7) holds for 0 < ¢ < ¢. Let g(x) = x;. There are
local martingales M = (M Lo, Md) such that

1
dX; =dM; +b(X;)dt — E(AVV)(X[)dt + K;dt, t<¢.

Applying Tto’s formula to X! X/ yields (M', M7}, = (X, X/}, = o aij(Xy)ds for
t < ¢. Define dB; := J_I(X,)th. Then {B;,t < ¢} is a Brownian motion up to
time ¢ and M; = fot o0 (Xy5)dB; fort < ¢. Hence we have

1
dX; =o0(X;)dB; +b(X;)dt — E(AVV)(X,)dt + K dt, t<¢. (4.8)
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Similarly to the derivation of (4.7), from (4.6), we have for every h € C2(R?) that
has bounded derivatives,

t
1
h(K;) = h(Kp) + local martingale — 3 / 'V, V(Xs) - Vyh(K)ds, t <.
0

In particular, taking A(y) = y;, | < i < d, there are local martingales N =
(Nl, e, Nd) such that

1
dK; = dN; = TV V(X)ds, 1<,
Applying Ito’s formula to K’ K/ yields (N, N/}, = (K', K/), = 0fort < ¢.Hence
1
dK; = —EFVXV(XS)ds, <.

This together with (4.5) implies that {(X;, K;),t < ¢} under P is a (continuous)
weak solution to (4.1) with initial distribution 7 up to time ¢. Since g;;, V € C L(D),
weak uniqueness holds for solutions of (4.1) (see [33]). So under our conservativeness
assumption, (4.1) has a conservative weak solution with initial distribution = which
is unique in distribution. By standard techniques (cf. the proof of [1, Proposition
1.2.1]), any weak solution to (4.1) gives rise to a solution to the martingale problem
for (G, D(G)). This implies that { = oo because (X, K) with the initial distribution
is a conservative solution to (4.1), by assumption. We conclude that 77 is a stationary
distribution for (4.1). O

We will present an easily verifiable condition on V for Theorem 4.1 to be applicable.
The following preliminary result for diffusions without inert drift may have interest
of its own.

Recall that W(} ’Z(D) is the closure of the space C2°(D) of smooth functions with

compact support in D under the Sobolev norm |lull;2 := (fD(|u(x)| +
12
> o) dx)

Theorem 4.2 Let D C R? be a domain (i.e. a connected open set) and A(x) =
(aij(x)) be a measurable d x d matrix-valued function on D that is uniformly elliptic

and bounded. Suppose that ¢ is a function in WO1 ‘Z(D) that is positive on D. Then the
minimal diffusion X on D having infinitesimal generator L = # Zi’{j:l 0 ((pza,-j )
is conservative.

Proof The process X is the symmetric diffusion (with respect to the symmetrizing

measure (p(x)2 dx) associated with the Dirichlet form (£, F) in L3(D, (p(x)2 dx),
where

d
Eu,v) = %/ > aij(0)du(x)djv(x) p(x)* dx,
h =1
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and F is the closure of CZ°(D) with respect to the norm +/&; here we define

Ev(u,u) :=EWw,u)+ / u(x)2<p(x)2 dx.
D

Let X° be the symmetric diffusion in D with respect to Lebesgue measure on D
associated with the Dirichlet form (£°, WOl ’2(D)) in L2(D, dx), where

d
50(1,{, v) = %/ Z a,-j(x)aiu(x)ajv(x) dx.

n =1

Then by [12, Theorems 2.6 and 2.8], X can be obtained from X through a Girsanov
transform using the martingale dZ;, = (p(X?)_ldM,‘p , where M? is the martingale
part of the Fukushima decomposition for gp(X?) — go(Xg). We now conclude from
[12, Theorem 2.6(ii)] that X is conservative. O

Recall the definition of WO1 ’Z(D) stated before Theorem 4.2.

Theorem 4.3 Suppose that T is a constant symmetric positive definite matrix. Let
D C R? be a bounded domain, o = o (x) be a d x d matrix that is C on D so that
A = oo is uniformly elliptic and bounded on D. Suppose that V is a C' function in
D such that ¢ = e V2 e Wol’z(D). Then the (minimal) solution of (4.1) with initial
distribution 1 is conservative and has 1 as its stationary distribution.

Proof Let (X, P,) denote the symmetric diffusion process with infinitesimal generator

d

Ly = Eev Z 0; (e_vaijaj) .

i,j=1

By Theorem 4.2, (X, P,) is conservative. Let K; = Ko — % fé ('VV)(Xy)ds. Define
fort >0,

t
1
M, :=exp | o T (X)K, dBX—E/w—l(XS)KXPds
0

Clearly {M;, t > 0} is a continuous positive P,-local martingale for every x € D with
respect to the minimal augmented filtration {#;,t > 0} of X. Forn > 1, let T,, :=
inf{t > 0 : |K;| > 2"}. Since X is conservative, we have T, := lim, o T, = 00,
Py-a.s., for all x € D.

Let IP be the distribution of the symmetric stationary diffusion X with initial pro-
bability distribution cre=V dx in D. The existence of such a measure follows, for
example, from Theorem 4.2. By enlarging the filtration if necessary, let Ko have the
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Gaussian distribution ¢ exp(—(I'™ 1 v, y)), independent of the symmetric diffusion X.
Define a new probability measure Q on F, by

aQ _

dIP’_Mt on F; foreveryt > 0.

By the Girsanov theorem, the process

t
W, := B, —/a*‘(xs)Ks ds
0

is a Brownian motion under Q up to the time 7, so under Q,
dX,=0(X;) dW,+b(X,) dt—1(AVV)(X,) dt+K, dt,
t U(]t) ++b(X:) 2( )(X:)di+K; for0 <1 < Tay.
dK; = —5T'VV(X;)dt,
4.9)

Note that (X, K) has initial distribution 7z under Q.
Conversely, given a solution (X, K) of (4.9) under the measure Q, the process X
is a conservative L -diffusion under the measure

t
1
exp | —o " (X)Ks dW, — E/|a*1(xs)1<s|2ds dQ.
0

So to prove that the solution to (4.1) is conservative, it suffices to show that Q(T, =
00) = 1.

We are going to show that {M,,¢t > 0} is in fact a positive P-martingale. This
implies that Q(7To, = 00) = 1 because Q(Tx > 1) = Ep [M,] = 1 forevery ¢ > 0.

Let E := D x R? and E5 = E U {A} be the one-point compactification of E.
Recall G is defined by (4.2) with D(G) = CCZ(E). Since (4.5) holds, by the same
argument as in the proof of Theorem 4.1, we deduce that 7 is a stationary measure for
some solution @ on D(R, Ea) to the martingale problem for (G, D(G)). Let ()’(: K )
denote the coordinate maps on Ex and set ¢ := inf{t > O : (5(\,, I?,) = A}. Then
{(5(\ t K, 1), t < ¢} satisfies the SDE (4.9), and consequently, it has the same distribution
as {(X;, K;),t < Too} under Q.

Note that the matrix o ! is bounded so there is a constant ¢; > 0 such that

|a_1(x)v| <cylv| foreveryx e Dandv e RY.

Since under @, K, ¢ has the same Gaussian distribution for every ¢ > 0, there exist ¢
and c3 such that if r < ¢, then

~ o~ |2 ~
Ep |:exp (r ‘O'_l(Xs)Ks ):| <Ep [exp (rc% ]KS‘Z)] <c3 foreverys > 0.
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By Jensen’s inequality applied with the measure % L10,11(s) ds with 1y € (0, ¢2/3] and

the function ¢* we have
1o
2 1 oo |2
ds|| =Eg| exp (t_/ (3t0 ‘O‘ (X5)K; ) ds
0
0

1o
2
) ds

1 ~ ~
—/exp (31‘0‘0_1(XS)K3
0

)

0]
E@ exp 3/‘071()?3)11{1
0

IA
=
e}

0]

0]
1
— [ c3ds = c3.
fo

0

Define N, = fot o~! (Xs)K; dBg. This is a martingale with respect to P and its
quadratic variation (N), is equal to fot lo 1 (X)K;|?ds under both P and Q. Note
that exp(—N; — %(N );) is a positive local martingale with respect to P and hence a
P-supermartingale. Recall that T, is the lifetime for (X, K), i.e., (X;, K) = A for
t > T, and that by convention, every function f on E is extended to a function on
E A by setting f(A) = 0. In particular, we have N; = N;r,,. We have

IA

Eg[e] =Ep e 2] <1,

Using Cauchy—Schwartz,

2
ds =E]p>[e(N>’]

t
Ep |exp / ’O—_l(XS)Ks
0

—Eg [E<N>,6—Nt—%<zv>,]

172 n1/2
—2N, 3(N),
< (Ba[e]) " (Ba[])
- . 12
1 2
<|Eq|exp 3/‘0‘ (Xs)K| ds
L 0
- ; 1/2
e a2
<(Eg|exp 3/‘0— (XOK,| ds
L 0

As we observed in the previous paragraph, the last term is bounded if # < ¢. It follows
from Novikov’s criterion (see [31, Proposition VIIL.1.15]) that {M;,t € [0, c2]} is a
uniformly integrable P-martingale. It follows that Q(7» > ¢3) = 1. Using the Markov
property, we have Q(7» = 00) = 1. Consequently, 7 is a stationary distribution for
(X, K) of (4.1). This proves the theorem. O
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The next corollary follows immediately from Theorem 4.3 and the fact that the
solution of (4.1) depends in a continuous way in its initial starting point (xo, ko).

Corollary 4.4 Under the conditions of Theorem 4.3, for every (xo, ko) € D x RY, the
minimal solution of (4.1) with initial value (xo, ko) is conservative.

The following remark gives some sufficient conditions for ¢ € W&’Z(D) and thus
for the condition of Theorem 4.1 to hold with e~V = 2.

Remark 4.5 (1) Let Wh2(D) := {f € L%(D,dx) : Vf € L%(D,dx)}. It is

(i)

(iii)

known (see, for example, [17]) that a function u € W'2(D) is in WOI’Z(D) if
and only if its quasi-continuous version vanishes quasi-everywhere on d D. So
in particular, if u € W12(D) and if

lim wu(x) =0 foreveryz € dD,
xebD

X —> Z

then u € Wy*(D).

For any positive bounded function u € W(}’Z(D) NCcYD), ¢ = ¢ €
W&’z(D) N CcY(D) and so Theorem 4.1 is applicable for V. = 2/u in view
of Theorem 4.3. This follows because f := exp(—1/(2x)) is bounded and
Lipschitz continuous on [0, k] for every k > 1. So by the normal contraction
property (cf. [17]), V = f(u) € WOI’Z(D). In particular, this is the case if u
is the first positive eigenfunction for the Dirichlet Laplacian on D (if such a
ground state exists).

The assumption that e V2 ecl(D)n W(}’z(D) is close to being optimal for
ensuring that the solution to (4.1) never hits the boundary of the domain D.
Consider the case n = 1, D = R, 0 =1, V: Ry — R,, and remove the
inert drift so that d X = —%VV(X) dt + dB. Define a function ¥: Ry — R
by

—1/u

X

V(x) = /CXP(V(y)) dy.

1

Then one can check that W(X;) is a local martingale with quadratic varia-
tion greater or equal to 1. In particular, it has a positive probability of taking
arbitrarily large values during any finite time interval. If V now diverges at 0
sufficiently slowly so that exp(V) is still integrable, this easily implies that this
diffusion has a positive probability of reaching O in any finite time.

Let us now consider the case where exp (V(x)) = C/x* near x = 0. In this
case, %e’v/z is L2-locally integrable near O if and only if « > 1, which is
almost the range of parameters for which exp(V) is no longer integrable at 0,
namely, o > 1.

The remainder of this section is devoted to the analysis of the case when both o
(and hence A) and I" are the identity matrix. We consider the SDE
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dX, = —3VV(X,)dt + K, dt + dB, 4.10)
dK, = —IVV (X)) dt . '

It is possible to show under very weak additional assumptions that 7 is the only
invariant measure for (4.10). This is not obvious for example in the case where V (x) =
f(d(x,dD)) for some function f: Ry — R, which has a singularity at 0 and is such
that f(r) = O for r larger than some (small) constant €. On the set {x : d(x, 9D) >
¢} x RY, the diffusion (4.10) has then a deterministic componentd K = 0. In particular,
this shows that (4.10) is not hypoelliptic and that its transition probabilities are not
absolutely continuous with respect to Lebesgue measure.

For any multi-index o = {«q, ..., a¢}, we define the vector field V, V by
a€+l V(x)
VoV =
(Va VD 0X;0xqy ... 0Xg,

Denoting by || the size of the multi-index, we furthermore assume that

Assumption 4.6 There exists x, € D such that the collection {Vy V (x4)}|«|>0 Spans
all of R,

Remark 4.7 In the case where D is smooth and V is of the form V (x) = f(d(x, dD))
for some smooth function f diverging at 0, Assumption 4.6 is satisfied as soon as
there exists a point on the boundary such that its curvature has full rank.

We then have
Proposition 4.8 If e V2 ¢ C®(D)N WOI’Z(D) and Assumption 4.6 holds, then
w(dx,dy) = colp(x)exp(—V(x) — |y|2) dx dy is the unique invariant measure
for (4.10).

Proof Let us first introduce the following concept. Given a Markov operator P over a
Polish space X, we say that P is strong Feller at x if P¢ is continuous at x for every
bounded measurable function ¢: X — R. The proof of Proposition 4.8 is then based
on the following fact, a version of which can be found for example in [18, Thm 3.16],
which is a consequence of well-known results from [13, Chapter 4] and [27, Section
6.1.2]: If {P;}:>0 is a Markov semigroup over X" such that

(i) There exists t > 0 and x € X such that P is strong Feller at x,
(i) Onehasx € supp m forevery invariant probability measure 7 for the semigroup

{Pi},

then the semigroup {P;} can have at most one invariant probability measure.

Denote now by P; the Markov semigroup generated by solutions to (4.10). Itis easy
to check that Assumption 4.6 means precisely that the operator d; — G, where G is the
generator of (4.10), satisfies Hérmander’s condition [19,28] in some neighborhood of
(x4, K, t) for every K € R4 and every t > 0. Since for any ¢ € By(RY), the map
D(t,y, K) = (Pr9) (v, K) is a solution (in the sense of distributions) of the equation
(0; — G) ® = 0, this implies that ;¢ is C* in a neighborhood of (x,, 0) for every
t > 0. In particular, P; is strong Feller at (x,, 0) for every ¢ > 0.
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It now remains to show that the point (x., 0) belongs to the support of every invariant
measure of (4.10). This will be checked by showing first that (ii) follows from the
following two properties:

(iii) for all y € X, there exists s(y) > 0 such that x, € supp Py, (v, -).
(iv) for every neighborhood U of x, there exists a neighborhood U’ C U and a
time Ty > 0 such that inf ¢y P:(y, U) > O forevery t < Ty.

The argument as to why (iii) and (iv) imply (ii) is the following:
Fix an arbitrary neighborhood U of x, and an arbitrary invariant measure 7. By
the definition of an invariant measure, one then has

o0 TU
2(U) = / / Py, U) m(dy) di > / / e CORIP (v, U) di w(dy)
0 X X 0

Ty
= [ [ [ 0P 03Py .y de ) = 0,
X 0 U

In the last inequality, we used the facts that Py, (v, U’) > Oby (iii) and P; (y', U) > 0
by (iv). Since U was arbitrary, this inequality is precisely (ii).

Since (iv) is satisfied for every SDE with locally Lipschitz coefficients, it remains
to check that (iii) is also satisfied. For this, it is enough to check that, for every
(x, K) € R there exists T > 0 such that Pr(x, K; A) > 0 for every neighborhood
A of the point (x,, 0). In order to show this, we are going to apply the Stroock—Varadhan
support theorem [33], so we consider the control system

X = —%VV(x) +K+u), K= —%VV(x), 4.11)

where u: [0, T] — R4 is a smooth control. The claim is proved if we can show that
for every (xo, Ko), there exists 7 > 0 such that, for every ¢ > 0 there exists a control
such that the solution to (4.11) at time 7 is located in an e-neighborhood of the point
(x4, 0). Our proof is based on the fact that, since we assumed that V (x) grows to
400 as x approaches 9D, there exists a collection of £ points xi,...,x; (£ > n)
such that the positive cone generated by VV (x1), ..., VV (xp) is all of R?. (This fact
has already been noted in the paragraph following (4.3).) Fix now an initial condi-
tion (xg, Ko). From the previous argument, there exist positive constants «1, ..., o
such that Zle a;VV(x;) = —Ko. Fixnow T = Zle a; and consider a family
X, : [0, T]1 — R< of smooth trajectories such that:

(i) there are time intervals /; of lengths greater than or equal to «; — € such that

X (t) =x; fort € I,

(i) X¢(0) = xo and X (T) = x4,
(iii) one has f[O,T]\U I IVV (X (2))|dt <e.
Such a family of trajectories can easily be constructed (take a single trajectory going
through all the x; and run through it at the appropriate speed). It now suffices to take
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as control

t

. 1 1
u(®) = Xelt) + 39V (Xe0) + 5 / VV (X (5)),
0

and to note that the solution to (4.11) is given by (Xg (1), Ko — f(; VV (X, (s))). This
solution has the desired properties by construction. O

Remark 4.9 The paper [7] also shows uniqueness of the invariant measure for a mecha-
nical system for which hypoellipticity fails to hold on an open set. However, the tech-
niques used there seem to be less straightforward than the argument used here and
cannot easily be ported to our setting.

Remark 4.10 Through all of this section, the assumption that exp(—V /2) € W(; ’Z(D)
could have been replaced by the assumptions that V € C*°, lim,_,3p V (x) = +o0,
f p €Xp(=V(x))dx < 00, and there exists a constant C € R such that the relation

AV(x) < [VV@))2P+C (14 V(x) 4.12)

holds for every x € D. This is because (4.12) ensures that V (x) + KTZ is a Lyapunov
function for the diffusion (4.10) and so guarantees the non-explosion of solutions.

5 Weak convergence

In this section, we will prove that reflecting diffusions with inert drift can be approxi-
mated by diffusions with smooth inert drifts.

Let D be a bounded Lipschitz domain in R4 and use 8 (x) to denote the Euclidean
distance between x and D¢. A continuous function x — §(x) is called a regularized
distance function to D€ if there are constants ¢; > ¢ > 0 such that

(1) c18p(x) < 8(x) < c28p(x) for every x € R?;
(i) & € C°°(D) and for any multi-index & = (1, ..., ag) with || := Zgzl o,
there is a constant ¢, such that

alels (x)
Bx) ... (dxg)%

< codp(x)' 71 forevery x € D.

The existence of such a regularized distance function § is given by [36, Lemma 2.1].
For n > 1, define

1
V() = exp (m) forx € D, 5.1)
+00 for x € D°.
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Observe that V, € C°°(D) and for every multi-index «, the a-derivative of e~V at
x € Dtendstozeroas x — dD.Soe” " € Coo(Rd). Observe also that as n — oo,

—Va(®) increases to e 1 1p(x).

Suppose that A = 0”0 is a uniformly elliptic and bounded matrix having C 2
entries a;; on D, and p is a C? function on D that is bounded between two positive
constants.

We will consider the smooth potential approximations to the symmetric reflec-
ting diffusion process on D associated with generator £ = ZLV(,OAV) but with an
additional generalized inert drift. More precisely, let I be a positive definite constant
symmetric d x d-matrix. As before, we use n(x) to denote the unit inward normal
vector at x € dD and define u(x) := A(x)n(x). We consider the following diffusion
process X with “generalized inert drift” K:

(5.2)

dK[ :Fn(X,)dL,—i—FVlng(X[)dt,

where X, € D for every t+ > 0, and L is continuous and non-decreasing with

L, = fol 13p(X;)dL;. Here B is a d-dimensional Brownian motion and the drift b

is given by b = (by, ..., bg) with br(x) := %Z?:l diajr(x). When p = 1, (5.2)

becomes

[dX, = o(X,)dB; +b(X,)dt +u(X,)dL, + K, dt, 53)
dK, =TIn(X;)dL;,

which is a special case of (2.1).
Let X be the diffusion given by

1 1
dX™ = o(x"™)dB™ +p(x™) di+5(AV log ,o)(X,(”))dt—E(AVVn)(X,(”)) dt,

with initial probability distribution 7, (dx) := ¢, exp(—V,(x))p (x)1p(x) dx, where
B™ is a d-dimensional Brownian motion, and ¢,, > 0 is a normalizing constant so that
T (Rd ) = 1. Hence X ) is the minimal diffusion in D with infinitesimal generator

1
W= —Va(x) .. )
. 2p(x)e™ Vi (x) Z (p(x)e al](x)aj) s

which is symmetric with respect to the measure ,,. Observe that here V,, — log p
plays the role of the potential V in Sect. 3. Clearly e°2°=V»)/2 ¢ C(D) N Wol’z(D)
and so by Theorem 4.2, X () is conservative and never reaches 9 D. In addition, X ®
is a symmetric diffusion with respect to the measure m,, in D and its Dirichlet form
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(EM, FMYyin L2(D, ,(dx)) is given by (see [36, Lemma 3.5])

EN ) =5 / Z aij (X); f (¥)9; f (X)7,(dx),

i,j=1

f’(") = {f (S] L (D, 7Tn) : g(n)(f’ f) < OO} :

Without loss of generality, we assume that X is defined on the canonical path space
Q = C([0, 00), RY) with X" (w) = w(t). On , for every t > 0, there is a time-
reversal operator r;, defined for w € Q by

o —ys), if0<s <1,
ri(@)s) = {a)(O), ifs >1. 4

Let P, denote the law of X ™ with initial distribution 7r,, and let {.7-",(") ,t > 0} denote the
minimal augmented filtration generated by X . Then it follows from the reversibility
of X™ that for every r > 0, the measure P, on .7-}(") is invariant under the time-reversal
operator r; (cf. [17, Lemma 5.7.1]). We know that

1
x" - x =m" + /(b—l—%AVIogp— LTAVY,) (X™)ds, t>0, (5.5)
0

where M,(n) = fot o(X S(")) dB;") is a square-integrable martingale. On the other
hand, by the Lyons—Zheng’s forward and backward martingale decomposition (see
[17, Theorem 5.7.1]), we have for every T > 0,

1 1
EMf(n) _ E(]1/[;”) M(n) )o rr fort €0, T]. (5.6)

X" —x§" =
Since o is bounded, for every T > 0, the law of {M,("), t > 0} under P, is tight in
the space C ([0, T'], R?) and so is Z(M(") — M(n) ;) o rr. It follows that the laws of
(X™, Mm, (M;”) — M;"li) o rr) under P, are tight in the space C ([0, T], R3) for
every T > 0. On the other hand, by (5.5)—(5.6),

t
H™ () := ! (AVV,)(X™) ds
2 noATs

t

1 1
_EB,(") 2(B<n> B yorr— /b(X(”))ds /(AVlogp)(X("))ds
0
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Thus the laws of (X®, M®™, [-b(X{")ds, [;(AVlogp)(X{)ds, H™, B™)
under P, are tight with respect to the space C ([0, T'], R%?) forevery T > 0. By almost
the same argument as that for [29, Theorems 4.1 and 4.4], (X ™ P, converges weakly
in C([0, T], R?) to a stationary reflecting diffusion X in D with normalized initial
distribution cp(x) dx on D. Passing to a subsequence, if necessary, we conclude that

x™ M, /b(x§”>)ds, /(AVlog,o)(X‘f,"))ds, H™, B™ | P,
0 0
converges weakly in C ([0, T], R*) t0 a process

X, M, / b(X,) ds. / (AVlog p)(X,)ds, H, B | P
0 0

Now we apply the Skorokhod representation (see Theorem 3.1.8 in [16]) to construct
the processes (X, M, [ib(X{")ds, [;(AV log p)(X{")ds, H®, B®) and
(X, M, [yb(Xs)ds, [;(AVIogp)(X)ds, H, B) on the same probability space
(R, F,P) in such a way that (X<">,M<">, Job(X)ds, [5(AVlog p)(X{)ds,
H®, B(")) converges to (X M, fo b(Xy) ds, fd(AV log p)(X,)ds, H, B) a.s., on
the time interval [0, 1] in the supremum norm. Therefore, in view of (5.5),

t t
1
X, = Xo+ M, —i—/b(Xs)ds + 3 /(AVlogp)(Xs)ds + H; foreveryt > 0.
0 0

By the proof of [29, Theorem 6.1 and Remark 6.2], H is a continuous process of
locally finite variation. On the other hand, since X is reflecting diffusion in a Lipschitz
domain, by [11] it admits a Skorokhod decomposition. That is,

t t

t
X, = X0+/0(XS)dB, +/b(Xs)ds+ %/(AVlogp)(Xs)ds
0

0 0
t

4 / AXn(X,)dLy, 1 =0,
0

where B is a Brownian motion with respect to the minimal augmented filtration gene-
rated by X;, n is the unit inward normal vector field on d D, which is well defined a.e.
with respect to the surface measure ¢ on d D, and L is a positive continuous additive
functional of X with Revuz measure % p(x)u(dx). By the uniqueness of Doob—Meyer
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decomposition, we have
t
H;, = /A(Xx)n(Xs)dLs, fort > 0.
0

Recall that V,, — Vlog p plays the role of the potential V in Sect. 3. Define for
>0,

t

t
1
KM=k - o /V(Vn —logp)(X™M)ds and K; := Ko+ T /n(Xs)de
0

0
t
+/Vlogp(Xs)ds.
0
Set
t ] t
Z, = exp /a*‘(XS)KS st—z/w”(Xs)Ksﬁds , >0,
0 0
and

t t
1
Z™ = exp /U’I(XS(”))KS(")dBS(”) — §/|a*‘(x§"))K§”>|2ds , t>0.
0 0

LetdQ = Z1dPanddQ, = Z{")d]P’. By the Girsanov theorem, under Q,,, (X ™, K ™))
satisfies the following equation

ax{” =o(X")aw" + b(x") — LAV(V, —log p)(X,") dt + K" d1,
dK®™ = —1T vV, —log p)(X") d1,

where W™ is a d-dimensional Brownian motion. On the other hand, by the proofs of
Theorems 2.1 and 2.3, (X, K) under Q is a diffusion with generalized inert drift, and
satisfies

dX, = o(X,)dW, +b(X,)dt + LAV 1og p(X,)dt + (An)(X,) dL, + K, d1,

where W is a d-dimensional Brownian motion.
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In the following, the initial distribution of (X{", K") and (Xo, Ko) under P are
taken to be

cnID(x)p(x)efv”(x)f(rfly’y) dx dy 5.7

and ch(x),o(x)e_(F_ly'y) dx dy, respectively, where ¢, > 0 and ¢ > 0 are norma-
lizing constants chosen to make sure that the corresponding measures are probability
measures. We may assume, without loss of generality, that (X, ("), Ké")) converges
to (Xo, Ko) almost surely. Since e1°27=Y/2 ¢ C(D) N W,y *(D), we know from
Theorem 4.3 that cnID(x)p(x)e_v"(x)_(r_ly’y) dx dy is a stationary measure for
(X™, K™Yy under Q,.

Theorem 5.1 For every T > 0, the law of (X", K™) under Q, converges weakly
in the space C([0, T], R24) 10 that of the law of (X, K) in (5.2) under Q.

Proof Without loss of generality, we take 7 = 1.
Observe that A(X (”)) converges to A(X) uniformly on [0, 1] and

t t
K" =K +T / ATYXMdH™ + T / Vlog p(X{")ds.
0 0

Let |[H™|, and |K ™|, denote the total variation process of H™ and K™ over the
interval [0, ¢], respectively. Then there is a constant ¢ > 0 independent of n > 1 such
that

t
K™, < |K(()")|+|H(")|t+/|I‘ Vlog p(X")|ds foreveryt > 0.
0

On the other hand, we know from the proof of Theorem 6.1 in [29, pp. 58-59] that

supEp, [|H(")|t] < oo foreveryt > 0.

n>1

Hence by Theorem 2.2 of [23], K converges to K in probability with respect
to the uniform topology on C[0, 1]. This yields, by [23, Theorem 2.2] again, that
fol ol (xMk™ ap™ — fol oY (X)KsdBs as n — oo, in probability. By pas-
sing to a subsequence, we may assume that the convergence is P-almost sure. We
conclude that lim,,_, o Z f") = Z;, P-as.

Let ® be a continuous function on (C[0, 1])* with 0 < & < 1. Since
CD(X(”), K(")) — ®(X, K), P-a.s., and Z?’) — Z1, P-as., by Fatou’s lemma,

Ep[® (X, K)Zi] < liminf Ep[®(X™, K™)Z"]
n—oo

< limsup Ep[d(X™, K ™)z "] (5.8)

n— oo
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and

Ep[(1 — ®)(X, K)Z1] < liminf Ep[(1 — ) (XM, KMyz"], (5.9)

Summing (5.8) and (5.9) we obtain Ep[Z;] < limsup,_, . Ep[Z\"]. Note that by
the proof of Theorem 4.3, Z™ is a continuous non-negative P-martingale, while
by the proof of Theorem 2.1, M is a continuous P-martingale. Hence, Ep[Z] =

1=Ep[Z i")] and, therefore the inequalities in (5.8) and (5.9) are in fact equalities.
It follows that

lim Q,[®(X™, K™)] = lim Ep[®(X™, K™)Z"] = Ep[d(X, K)Zi]
n—oQ n— oo
= QI[o(X, K)].
This proves the weak convergence of (X ™) K™Y under Q, to (X, K) under Q. O

Theorem 5.2 Consider the SDE (5.2) on a bounded Lipschitz domain D C R A
stationary distribution for the solution (X, K) to (5.2) is

7(dx,dy) = clp(x)p)e= T dx dy,

where ¢y is the normalizing constant so that 7 (D x R?) = 1.

Proof Recall the notation from previous proofs in this section. We start (X, K ™))
with the stationary distribution ,, of Theorem 4.3, namely,

Qn( (X(”) Ké"))eA)znn(A):cn/e_v"(x)p(x)e_(rly’y)dxdy, ACDxRY,
A

where ¢, is a normalizing constant. Note that here we have e~"*™) p(x) in place of

e~V ™) in Theorem 4.1. Clearly 7, converge weakly on D x R? to the probability 7.
Also, the Q,, laws of (X, Bt g m) converge weakly to the Q law of (X, B, K).
If f is any continuous and bounded function on R24  then for o <1,

Eq [/ (X, K)] = Jim Eq, [£X{", K] = lim / F @, )7 (dx, dy)

DxRd
/ fx, y)m(dx,dy).
DxRd
This shows that 7 is a stationary distribution for the solution to (5.2). O

Taking p = 1, Theorem 5.2 shows that 7 (dx, dy) = c 1p()e~ T gx dy,
where ¢/ is the normalizing constant so that 7 (D x RY) = 1, is a stationary distribution
for the solution to (5.3).
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6 Irreducibility

In this section, D is a bounded C? domain in R¢. We will prove uniqueness of the
stationary distribution for (X, K) under assumptions stronger than those in previous
sections. Let Q, , denote the distribution of (X, K) with inert drift starting from
(x, y). We say that (X, K) is irreducible in the sense of Harris if there exists a positive
measure ;2 on D x R? and 79 > 0 such that if t(A) > 0, then for all (x, y) € D x R¢,
Quy (X, Kyy) € A) > 0.

Let I" be a positive definite constant symmetric d X d-matrix.

Theorem 6.1 Assume that o is the identity matrix (consequently u = n) and b = 0.
Then the solution (X, K) to (5.3) is irreducible in the sense of Harris.

Proof Let X denote a solution to (2.2), i.e., the usual normally reflecting Brownian
motion in D, let L be the local time of X on 9D, and K; = yg + fot n(X;)dLg. The
distribution of (X, K) starting from (X¢, Ko) = (x, y) will be denoted P, ,. First, we
will prove Harris irreducibility for (X, K) under P, ,, with respect to 2d-dimensional
Lebesgue measure.

In order to do so, our main ingredient will be that for > 0 the law of (X, K;)
has a component that has a strictly positive density with respect to Lebesgue measure
on some open set. The idea behind the proof of this result is that one can find d small
balls {B j}‘}: | on the boundary 9 D such that

(i) The normal vector n(x) is ‘almost’ parallel to the jth unit vector e; for x € B;.
(ii) With positive probability, the process X has visited all of the B;’s in chrono-
logical order before time ¢, but has not hit the boundary d D anywhere outside
of the B;’s.
(iii) The amounts S; of local time that X has accumulated on the B;’s are ‘almost’
independent.

This suggests that at time ¢, the law of K, has a positive component which ‘almost’
looks like the law of a random vector with independent components, each of them
having a density with respect to Lebesgue measure. It follows that the law of K; has
a component which has a density with respect to d-dimensional Lebesgue measure.
Since, as long as X is in the interior of the domain D, it is just Brownian motion with
drift and K remains constant, we conclude that the law of (X;, K;) has a density with
respect to 2d-dimensional Lebesgue measure.

The detailed proof is broken into several distinct steps. In the first step, we use a
support theorem and a controllability argument to show that given any point z; € D,
& > 0 and any final time #y, the process (X;, K;) has a positive probability to be
in an ¢-neighborhood of (z1, 0) after time /2, whatever its initial condition. In the
second step, we present a review of excursion theory and show how the path of a
reflecting Brownian motion can be decomposed into a collection of excursions and
how reflecting Brownian motion up to the first hitting time of some subset U C D can
be constructed from the excursions of a reflecting Brownian motion conditioned never
to hit U by adding a ‘last excursion’ after a suitably chosen amount of local time spent
at the boundary. This construction is then used in the third step to ‘stitch together’ a

reflecting Brownian motion from d independent reflecting Brownian motions ¥; . In
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the final step, we show how to condition each of the ¥/’s on hitting the boundary 9 D
only in B; and deduce from this that the local time K, has a density with respect to
Lebesgue measure. We conclude by showing how to combine these results to obtain
the desired Harris irreducibility.

Step 1. Fix any 79, r > 0 and z1 € D. In this step, we will show that for any (xq, yo) €
D xRY there exists py > Osuchthat Py, v, ((Xy/2, Kio/2) € B(z1,7)xB(0, 7)) > py.

We recall the deterministic Skorokhod problem in D with normal vector of reflec-
tion. Suppose a continuous function f : [0, T] — R? is such that £(0) € D. Then
the Skorokhod problem is to find a continuous function g : [0,7T] — D and a
non-decreasing function £ : [0, T] — [0, c0), such that £(0) = 0, g(0) = f(0),
fOT 1p(g(s))dés = 0,and g(t) = f(t) + fé n(g(s)) d{,. It has been proved in [25]
that the Skorokhod problem has a unique solution (g, £) in every C? domain.

Since D is a bounded smooth domain, the set {n(x)/In(x)|, x € d D} is the whole
unit sphere in R4, Find x; € 9D such that n(x;) = —co yo for some ¢y > 0. It is ele-
mentary to construct a continuous function f : [0, to/2] — R4 such that f£(0) = xo,
f(@) € Dfort € (0,19/4), f(to/4) = x1, f is linear on [19/4, 310/8], f(310/8) =
x1+ yo, f(t) —yo € D fort € (31y/8, 19/2), and f(to/2) — yo = z1. It is straight-
forward to check that the pair (g, £) that solves the Skorokhod problem for f has the
following properties: g(t) = f(¢) fort € (0, t9/4), g(t) = x1 fort € [ty/4, 3t9/8],
g(t) = f() = yo fort € (319/8,10/2), and [1"* n(g(s)) dts = —o.

For a function f! : [0, f0/2] — R? with f1(0) € D, let (g', £!) denote the solution
of the Skorokhod problem for f I Let Be( £, §) bethe ballin C([0, 79/2], Rd) centered
at f, with radius 8, in the supremum norm. By Theorem 2.1 and Remark 2.1 of [25], for
any r > 0 there exists 8 € (0, r/2), such thatif f! € Be(f,8), theng! € Be(g, r/2).
This implies that

t0/2 to/2
sup / n(g!(s)) del — / n(g(s)) de;
1€[0,10/2] 2 )
< sup (If'0) = fFOI+1g' @) — gD
te[0,10/2]
<8§+r/2<r

Thus, if f! € Be(f, 8), then (gl(to/Z), fg"/zn(gl(s))dz;) € B(z1,7) x B(=yo, r).

Let P, denote the distribution of standard Brownian motion. By the support theorem for
Brownian motion, Py, (B¢ (f, 8)) > p1,forsome p; > 0.Hence, Py, y, (X4 /2, Kiy/2) €
B(z1,r) x B0, r)) > p; > 0.

Step 2. This step is mostly a review of the excursion theory needed in the rest of the
argument. See, e.g., [26] for the foundations of excursion theory in abstract settings
and [8] for the special case of excursions of Brownian motion. See also [20] for
excursions of reflecting Brownian motion on C3 domains. Although [8] does not
discuss reflecting Brownian motion, all the results we need from that book readily
apply in the present context. We will use two different but closely related exit systems.
The first one represents excursions of reflecting Brownian motion from a D.
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We consider X under a probability measure Py, i.e., X denotes reflecting Brownian
motion without inert drift.

An exit system for excursions of reflecting Brownian motion X from 9D is a pair
(L}, H,) consisting of a positive continuous additive functional L} and a family of
excursion laws {Hy } ¢y p. We will soon show that L} = L,.Let A denote a “cemetery”
point outside R and let C be the space of all functions f : [0, 0c0) — R4 U{A} which
are continuous and take values in R¢ on some interval [0, ¢), and are equal to A on
[¢, 00). For x € dD, the excursion law H, is a o -finite (positive) measure on C, such
that the canonical process is strong Markov on (7, co) for every fo > 0, with the
transition probabilities of Brownian motion killed upon hitting d D. Moreover, H,
gives zero mass to paths which do not start from x. We will be concerned only with
“standard” excursion laws; see Definition 3.2 of [8]. For every x € 9D there exists a
standard excursion law H in D, unique up to a multiplicative constant.

Excursions of X from 0 D will be denoted e or ¢y, i.e.,if s < u, X5, X, € 9D, and
X, ¢ 0D fort € (s,u), then e, = {es(t) = X145, t € [0,u — )} and ¢(e5) = u — s.
By convention, es(t) = Afort > ¢{.Soe, = Aifinf{r > ¢ : X, € 9D} = t. Let
Ein=les s <ul.

Let o, =inf{s > 0: L} > ¢} and let I be the set of left endpoints of all connected
open components of (0, c0)\{t > 0 : X; € dD}. The following is a special case of
the exit system formula of [26]. For every x € D,

Ex[zzt-f(et)}ﬂﬁx [ Zatixe(nras | <. | [z (naL; |,

tel 0 0
6.1)

where Z; is a predictable process and f : C — [0, 00) is a universally measurable
function which vanishes on those excursions e; identically equal to A. Here and
elsewhere H, (f) = [, fdH,.

The normalization of the exit system is somewhat arbitrary, for example, if (L}, Hy)
is an exit system and ¢ € (0, co) is a constant then (cL}, (1/c)Hy) is also an exit
system. Let ]P’f,) denote the distribution of Brownian motion starting from y and killed
upon exiting D. Theorem 7.2 of [8] shows how to choose a “canonical” exit system;
that theorem is stated for the usual planar Brownian motion but it is easy to check
that both the statement and the proof apply to reflecting Brownian motion in D c R<.
According to that result, we can take L to be the continuous additive functional whose
Revuz measure is a constant multiple of the surface area measure dx on 9 D and the
H,’s to be standard excursion laws normalized so that for some constant ¢y € (0, 00),

1
H,(A) = ¢ %1&} EPQHH(X)(A) (6.2)

for any event A in a o-field generated by the process on an interval [#, co) for any
to > 0. The Revuz measure of L is ¢; dx on d D. We choose ¢ so that (L;, Hy) is an
exit system.
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We will now discuss another exit system, for a different process X’. Let U C D
be a fixed closed ball with positive radius, and let X’ be the process X conditioned
by the event {Tg > o1}, where T(f = inf{r > 0 : X € U}. One can show using
Theorem 2.1 and Remark 2.1 of [25] that for any starting point in D\U, the probability
of {T,j‘ > o1} is greater than 0. It is easy to see that (X}, L,) is a time-homogeneous
Markov process. For notational consistency, we will write (X}, L}) instead of (X;, L;).

We will now describe an exit system (L/, H; o) for (X7, L}) from the closed set
D x [0, 00). We will construct this exit system on the basis of (L,, H,) because of
the way that X’ has been defined in relation to X. It is clear that L’ does not change
within any excursion interval of X’ away from 8D, so we will assume that H;’ ¢ isa
measure on paths representing X’ only. The local time L’ is the continuous additive
functional with Revuz measure ¢ dx on 0D. For £ > 1 we let H; ¢ = Hx. Let IP’?
denote the distribution of Brownian motion starting from y € D\ U, conditioned to
hit d D before hitting U, and killed upon exiting D. For £ < 1, we have

.1
H, ,(A) = %1% E]P’)?Hn(x)(A). (6.3)

Let A, C C be the event that the path hits U. It follows from (6.2) and (6.3) that
fort < 1,

H, ,(A) = H.(A\A,). (6.4)

One can deduce easily from (6.2) and standard estimates for Brownian motion that
for some c¢3, ¢4 € (0,00) and all x € 9D,

c3 < Hx (A*) < C4. (6.5)

Let o, = inf{s > 0 : L} > r}. The exit system formula (6.1) and (6.4) imply that we
can construct X (on a random interval, to be specified below) using X’ as a building
block, in the following way. Suppose that X’ is given. We enlarge the probability space,
if necessary, and construct a Poisson point process £ with state space [0, 0o) x C whose
intensity measure conditional on the whole trajectory {X}, ¢ > 0} is given by

1As2

w(s1, 53] x F) = / Hy (FNA)dr. (6.6)

1As]

Since ([0, 00) x C) < oo, the Poisson point process £ may be empty; that is, if the
Poisson process is viewed as a random measure, then the support of that measure may
be empty. Consider the case when it is not empty and let S; be the minimum of the
first coordinates of points in £. Note that there can be only one point (S1, es,) € &
with first coordinate S, because of (6.5). By convention, let S| = oo if £ = . Recall
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that TX = inf{t > 0: X, € U} and let

X =inf{t > 0: X, € U},
T = og, +inf{r > 0: eg, (1) € U}.

It follows from the exit system formula (6.1) that the distribution of the process

s X ifOfthg//\Ugl,
"7 est—oy) ifE#D and of <1 <T,

is the same as the distribution of {X,,0 <t < Tlf 1.
Step 3. We will now construct reflecting Brownian motion in D from several trajec-
tories, including a family of independent paths.

LetUj = B(zj,r)for j =1,...,d + 1, where z; € D and r > 0 are chosen so
that U; N Uy = @ for j # k, and U1§j§d+1 U;j CD.

Recall from the last step how the process X was constructed from a process X'. Fix
some x; € U andlet X! bea process starting from X, (1) = x1, with the same transition
probabilities as X', relative to U,. We then construct ¥! based on X!, by adding an
excursion that hits Uy, in the same way as X was constructed from X’. We thus obtain
a process {Y,l,O <t < T}, where T; = inf{r > O : Yt1 € U,}, whose distribution is
that of reflecting Brownian motion in D starting with the uniform distribution on U ;,
observed until the first hit of Us.

We next construct a family of independent reflecting Brownian motions {¥/}1< j<d-
Forafixed j =2, ..., d, welet X/ be a process with the same transition probabilities
as X', relative to U j+1, and initial distribution uniform in U;. We then construct
Y/ based on X/, by adding an excursion that hits U j+1, in the same way as X was

constructed from X’. We thus obtain a process {Y’, 0 <t <T;},where T; = inf{t >
0 : Y,1 € Uj41}, whose distribution is that of reflecting Brownian motion in D,
observed until the first hit of U4 1.

Note that for some ¢s > Oandallx,y € Uj11, j=1,...,d,

Py (X1 €dyand X; ¢ oD fort € [0, 1]) > c5dy.

We can assume that all X/’s and Y/’s are defined on the same probability space. The
last formula and standard coupling techniques show that on an enlarged probability
space, there exist reflecting Brownian mptions Z/’,j=1,...,d, with the following

properties. For 1 < j <d — 1, Zé = Y%j, and for some cg > 0,
P (z{ =y and Z/ ¢ 9D for 1 € [0. 1] | {(Y*}1<<;. {zk}lfkij_l) > ce.
6.7)

The process Z/ does not depend otherwise on {Yk}lfkfd and {Zk}k;,gj. We define Z¢
as a reflecting Brownian motion in D with Zg = Y?d but otherwise independent of

{Y*}1<k<aq and {ZF} 1 <k<a—1.
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Let
Fy={zl =v{" and z] ¢ 9D forr € [0, 11}

We define a process X* as follows. We let X" = Y,l for 0 <t < Tj.If F{ holds, then
welet X = Z}_Tl fort > Tp.If Fy holds, then we let X} = Ztl_T1 fort € [Ty, T1 +1]
and X} = Ytz_Tl_1 fort € [T1 + 1, T1 + 1 4+ T»]. We proceed by induction. Suppose
that X has been defined so far only for

tel00h+ 14+ +1+---+ T,

for some k < d. If Fi holds, then we let

k
Xt* = Zt—Tl—l—Tz—l—m—Tk
fort >T1 +1+ 715+ 1+ ---+ T. If F} holds, then we let
k
X;k = Zt—Tl—l—Tz—l—-u—Tk
forte [TV +14+Th+1+---+T;, T1 +1+Tp+1+4+---+ T+ 1] and

Xz* = Ytijll—l—Tz—l—-»-—Tk—l
forte[T+1+DL+1+-- -+ +1, T+ 1+ + 14+ -+ T+ 1+ Tiy1].
We let

X =Z 5 i,
fort >T1+1+T+14+---4+1Ty.

By construction, X* is a reflecting Brownian motion in D starting from x;. Note that
in view of (6.7), conditional on {X ,J ,t>0},j=1,...,d,thereis at least probability
cg that X* is a time-shifted path of X; on an appropriate interval, forall j =1, ..., d.
Step 4. In this step, we will show that with a positive probability, the process K can
have “almost” independent and “almost” perpendicular increments over disjoint time
intervals. Moreover, the distributions of the increments have densities in an appropriate
sense.

We find d points yi,...,ys € 9D such that the n(y;)’s point in d orthogonal
directions. Let C; = {z € R? : Z(n(y;),z) < o}, for some §y > 0 so small that for
anyz; € Cj, j=1,...,d,the vectors {z;} are linearly independent. Let §; > O be so
small that forevery j = 1,...,d,andany y € 3D N B(y;, 61), we have n(y) € C;.

Let L/ be the local time of X/ on D and o/ = inf{s > 0 : L] > t}. It is easy
to see that there exists po > 0 such that with probability greater than p, for every

j=1,...,d, wehave X,j ¢ 0D\B(yj, 81), fort € [0, 0']]]. Let
Rj=sup{t <Tj: Y,j € 0D} and §; = L??,"
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Let F be the event that forevery j = 1,...,d, X't/ ¢ 0D\B(yj, é1) fort € [0, alj]
and §; < Ul Then (6.5) shows that Py, (F) > pa(1 — e=3)d,

Let K] r fo n(Xj )ds and note that if F, holds, then K] € I'C; for all
j=1,...,dandt € [0, 1] Define forany 0 < ay < by <kfork=1,...,d,

A([ay, b1], laz, b2], ..., [aq, ba])
={K) + K.+ + Kt €lag, bl for 1 <k <d}.

It is easy to show using the definition of C;’s that the d-dimensional volume of
A([a1, b1], ..., [aq, bg]) is bounded below by c7 ngkgd(bk — ay), and bounded
above by ¢s [} <j<y(bx — ar).

Let us consider the processes defined above, conditioned on the o -field

G =0 ({K/.1 €10, 11<j=a).

By (6.5) and (6.6), conditional on G, the random variables S; = L'}ej, j=1,...,d,
have distributions whose densities on [0, 1] are bounded below. In view of our remarks
on the volume of A, it follows that conditional on G, the vector K é] +.---+K gl has
a density with respect to d-dimensional Lebesgue measure that is bounded below by
c9 > 0 on aball U, with positive radius. We now remove the conditioning to conclude
that K él +---+K g’d has a component with a density with respect to d-dimensional
Lebesgue measure that is bounded below on U..

Define K;* =T fot n(X*s)de and T, = 27:1 T;, where L is the boundary local
time for reflecting Brownian motion X*. Using conditioning on F,, we see that the
distribution of K ;* has a component with density greater than cg on U,. Since K * does
not change when X* is inside the domain and X* is a reflecting Brownian motion,
we conclude that (X ;* 1 K ;* +1) has a component with a density with respect to
2d-dimensional Lebesgue measure on a non-empty open set. It follows that for some
fixed#, > 0, (X[, K;') has acomponent with a density with respect to 2d-dimensional
Lebesgue measure on a non-empty open set.

We leave it to the reader to check that the argument can be easily modified so that
we can show that for any fixed 7y > 0, (X ;"O /20 K:g /2) has a component with a strictly
positive density with respect to 2d-dimensional Lebesgue measure on a non-empty
open set. We can now combine this with the result of Step 1 using the Markov property
to see that for some non-empty open set U and any starting point (X, Ko) = (x0, y0),
the process (Xy,, Ky,) has a positive density with respect to 2d-dimensional Lebesgue
measure on U under Py .

By the Girsanov theorem the same conclusion holds for (X, K) under the measure
Qx,, yo» Which, by the proof of Theorem 2.1, is the reflecting diffusion with inert drift.
This proves the theorem. O

Theorem 6.2 Consider the SDE (5.3) with o being the identity matrix, b = 0, and
u = n. The probability distribution 7w (dx, dy) defined by
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m(A) =/CIID(X)€_(F71“V"V) dxdy, AcC D xR?,
A

is the only invariant measure for the solution (X, K) to (5.3).

Proof In view of Theorem 5.2, all we have to show is uniqueness. If there were more
than one invariant measure, at least two of them (say,  and v) would be mutually
singular by Birkhoff’s ergodic theorem [32]. However, we have just shown that there
exists a strictly positive measure iy which is absolutely continuous with respect to
any transition probability, so that in particular, v <« w and ¥ < v. Since u L v
by assumption, there exists a set A such that u(A) = 0 and v(A¢) = 0. Therefore,
one must have ¥ (A) = ¥ (A°) = 0 which contradicts the fact that the measure ¥ is

non-zero. O
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